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f
E
lectrica
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d
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g
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\
S
p
e
c
tra
l
E
stim
a
tio
n
is���
a
n
A
rt
"P

e
tre
S
to
ic
a

\
I
h
ear,
I
forget;

I
see,
I
rem
em
b
er;

I
d
o,
I
u
n
d
erstan
d
."

A
C
h
in
ese
P
h
ilosop
h
er.
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W
h
a
t
is
S
p
e
c
tra
l
E
stim
a
tio
n
?

F
ro
m
a
�
n
ite
record
of
a
station
ary
d
ata
seq
u
en
ce,
estim
ate
h
ow

th
e
total
p
ow
er
is
d
istrib
u
ted
over
freq
u
en
cies
,
or
m
ore
p
ractically,

ov
er
n
arrow
sp
ectral
b
an
d
s
(freq
u
en
cy
b
in
s).
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S
p
e
c
tra
l
E
stim
a
tio
n
M
e
th
o
d
s:

�
C
la
ssical
(N
on
p
aram
etric)
M
eth
o
d
s

E
x
.
P
ass
th
e
d
ata
th
rou
gh
a
set
of
b
an
d
-p
ass
�
lters
an
d
m
easu
re

th
e
�
lter
ou
tp
u
t
p
ow
ers.

�
P
a
ram
etric
(M
o
d
ern
)
A
p
p
roach
es

E
x
.
M
o
d
el
th
e
d
ata
as
a
su
m
of
a
few
d
am
p
ed
sin
u
soid
s
an
d

estim
ate
th
eir
p
aram
eters.

T
ra
d
e
-O
�
s:
(R
ob
u
stn
ess
v
s.
A
ccu
racy
)

�
P
a
ram
etric
M
eth
o
d
s
m
ay
o�
er
b
etter
estim
ates
if
d
ata
closely

agrees
w
ith
assu
m
ed
m
o
d
el.

�
O
th
erw
ise,
N
on
p
aram
etric
M
eth
o
d
s
m
ay
b
e
b
etter.
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S
o
m
e
A
p
p
lic
a
tio
n
s
o
f
S
p
e
c
tra
l
E
stim
a
tio
n

�
S
p
eech

-
F
orm
an
t
estim
ation
(for
sp
eech
recogn
ition
)

-
S
p
eech
co
d
in
g
or
com
p
ression

�
R
a
d
ar
an
d
S
on
ar

-
S
ou
rce
lo
calization
w
ith
sen
sor
array
s

-
S
y
n
th
etic
ap
ertu
re
rad
ar
im
agin
g
an
d
fea
tu
re
ex
traction

�
E
lectrom
agn
etics

-
R
eson
an
t
freq
u
en
cies
o
f
a
cav
ity

�
C
o
m
m
u
n
ication
s

-
C
o
d
e-tim
in
g
estim
ation
in
D
S
-C
D
M
A
sy
stem
s
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R
E
V
IE
W

O
F
D
S
P
F
U
N
D
A
M
E
N
T
A
L
S

C
o
n
tin
u
o
u
s-T
im
e
S
ig
n
a
ls

�
P
erio
d
ic
sign
als

x
(t)
=
x
(t
+
T
p )

F
o
u
rie
r
S
e
rie
s:

x
(t)

=

1Xk
=
�
1
c
k
e
j
2
�
k
F
o
t

c
k

=

1T
p Z
T
p

x
(t)e �
j
2
�
k
F
o
td
t;

F
o

=

1T
p
:

6



Ex.

p

x(t)

τ/2  T
t

ej!ot
FT !2��(! � !o)

π2  c

2πc 1

0

x(ω)

ω

ω

ω = 2πF00

0

0

7



Ex.

s(t) =
P1

k=�1 �(t� kT )

Ck =

1
T

for all k

-2T 0-T T 2T

s(t)

t

π/T2   

S(ω)

ω

2 π/T

Remark: Periodic Signals  ! Discrete Spectra.
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� Discrete signals

Ex:

T
  

x(t)

x(t) s(t)

t

(ω)x

ω

ωt

2π/Τ

Remark: Discrete Signals  ! Periodic Spectra.

Discrete Periodic Signals  ! Periodic Discrete Spectra.
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A
lia
sin
g
P
rob
lem
:

E
x
.

1
0



*
F
o
u
rier
T
ran
sform
(C
on
tin
u
ou
s
-
T
im
e
v
s.
D
iscrete-T
im
e)

L
et

y
(t)
=
x
(t)s(t)

=

1Xn
=
�
1
x
(n
T
)�(t�
n
T
)

C
T
F
T
:

Y
(!
)

=

Z
1�

1
y
(t)e �
j
!
td
t

=

Z
1�

1

1Xn
=
�
1
x
(n
T
)�(t�
n
T
)e �
j
!
td
t

=

1Xn
=
�
1
x
(n
T
)e �
j
!
n
T

D
T
F
T
:

Y
(!
)

=

1Xn
=
�
1
x
(n
T
)e �
j
!
n
T

1
1



Signal
Discrete-Time x(nT)

nT ω

T0

DTFT

y(ω)

2 π
T

Remarks: Discrete-Time Fourier Transform (DTFT) is the same as

Continuous-Time Fourier Transform (CTFT) with x(nT ) �(t� nT )

replaced by x(nT ) and
R

replaced by
P

(easy for computers).
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For simplicity, we drop T.

-2 1

-1       -1/2        0              1/2            1 

Xx(n)

DTFT

(ω)

ω

OR

f

0     1        2 −2π      −π        0            π        2π      

DTFT Pair :
8<

: X(!) =
P1

n=�1 x(n)e�j!n

x(n) = 1
2�
R �

��X(!)ej!nd!

13



Remark: For DTFT, we also have:

Discrete Periodic Signals
DTFT ! Periodic Discrete Spectra.

Ex.

x(n)

 2πn

DTFT
X (ω)

ω

Note The Aliasing

When x(n+N) = x(n),

DFT Pair :
8<

: x(n) = 1
N

PN�1
k=0 X(k)ej2�k

n
N ;

X(k) =
PN�1

n=0 x(n)e
�j2�k n
N

14



Ex. Note the Aliasing

x(n)

n

 0 9   0  9

k

X(k)

-10 0 1010-10 0

n

DFT

DFT

k

Showing One Period

Remarks: For periodic sequences, DFT and DTFT yield similar

spectra. IDFT (Inverse DFT) is the same as IDTFT (inverse

DTFT) with X
�

2�k
N

�
�
�

! � 2�k
N

�
replaced by X(k) and
R

replaced

by
P

(easy for computers).
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E�ects of Zero-Padding:

x(n)

n

x(n)

x(n)

n

n

DTFT

10 points

5 points

0

   X(k)

0 1 2 3 4 k

0

X(k)

1 2

3 4

5 6

7  8
9 k

2π ω

X (ω)

DFT

DFT

Remark:� The more zeroes padded, the closer X(k) is to X(!).

� X(k) is a sampled version of X(!) for �nite duration sequences.
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Z-Transform 8<
: X(z) =

P1
n=�1 x(n)z�n

x(n) = 1
2�j
R

c
X(z)zn�1dz

For �nite duration x(n),
X(z) =

N�1X
n=0
x(n)z�n

The DFT X(k) is related to X(z) as follows:

X(k) = X(z)j
z=e
j 2�
N

k :

Im

Re

( X(k) evenly sampled on the unit circle of the z-plane)

17



Linear Time-Invariant (LTI) Systems.

� N th order di�erence equation:

N�1X
k=0
aky(n� k) =

MX
k=0
bkx(n� k)

� Impulse Response:

δ

1

0

  (n)
h(n) = y(n)jx(n)=�(n)

H(z) =

P
M

k=0
bkz
�kP

N
k=0
akz�k
.

18



�
B
o
u
n
d
ed
-In
p
u
t
B
ou
n
d
ed
-O
u
tp
u
t
(B
IB
O
)
S
tab
ility
:

A
ll
p
oles
o
f
H
(z
)
are
in
sid
e
th
e
u
n
it
circle
for
a
cau
sal
sy
stem

(w
h
ere
h
(n
)=
0,
n
<
0).

�
F
IR
F
ilter:

N
=
0.

�
IIR
F
ilter:

N
>
0.

�
M
in
im
u
m
P
h
ase:
A
ll
p
oles
an
d
zero
es
o
f
H
(z)
are
in
sid
e
th
e
u
n
it

circle.

1
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E
N
E
R
G
Y

A
N
D

P
O
W
E
R

S
P
E
C
T
R
A
L
D
E
N
S
IT
IE
S

�
E
n
e
rg
y
S
p
e
c
tra
l
D
e
n
sity
o
f
D
e
te
rm
in
istic
S
ig
n
a
ls.

F
in
ite
E
n
ergy
S
ign
al
if0

<

1Xn
=
�
1
jx
(n
)j 2
<
1

L
et
X
(!
)
= P
1n

=
�
1
x
(n
)e �
j
!
n

P
a
rse
v
a
l's
E
n
e
rg
y
T
h
e
o
re
m
:

8<: P
1n

=
�
1
jx
(n
)j 2
=

12
� R
��

�
S
(!
)d
!
;

S
(!
)
=
jX
(!
)j 2

R
em
ark
:jX
(!
)j 2
\m
easu
res"
th
e
len
gth
of
orth
ogon
al
p
ro
jection
of

f
x
(n
)g
on
to
b
asis
seq
u
en
ce �
e �
j
!
n 	
,
!
2
[�
�
;�
].

2
0



L
et
�
(k
)
= P
1n

=
�
1
x
(n
)x �(n�
k
):

1Xk
=
�
1
�
(k
)e �
j
!
k

=

1Xk
=
�
1

1Xn
=
�
1
x
(n
)x �(n�
k
)e �
j
!
n
e
j
!
(n�
k
)

=

"
1Xn

=
�
1
x
(n
)e �
j
!
n #"
1Xs

=
�
1
x
(s)e �
j
!
s #�

=

jX
(!
)j 2
=
S
(!
):

R
em
ark
:
S
(!
)
is
th
e
D
T
F
T
of
th
e
\au
to
correlation
"
o
f
�
n
ite

en
ergy
seq
u
en
cef
x
(n
)g.

2
1



�
P
o
w
e
r
S
p
e
c
tra
l
D
e
n
sity
(P
S
D
)
o
f
R
a
n
d
o
m

S
ig
n
a
ls.

L
etf
x
(n
)g
b
e
w
id
e-sen
se
station
ary
(W
S
S
)
seq
u
en
ce
w
ith

E
[x
(n
)]
=
0
:

r(k
)
=
E
[x
(n
)x �(n�
k
)]:

P
ro
p
erties
of
au
to
correlation
fu
n
ction
r(k
).

�
r(k
)
=
r �(�
k
):

�
r(0
)�
jr(k
)j
,
for
all
k

�
0�
r(0)
=
average
p
ow
er
of
x
(n
):

2
2



D
ef:
A
is
p
ositive
sem
id
e�
n
ite
if
z
H
A
z�
0
for
an
y
z
.

(z
H

=
(z
T
) �
H
erm
itian
tran
sp
ose
).

L
et

A

=

24
r(0)

r(k
)

r �(k
)

r(0) 35

=

E 8<: 24
x
(n
)

x
(n�
k
) 35 h
x �(n
)

x �(n�
k
) i 9=;

O
b
v
iou
sly,
A
is
p
ositive
sem
id
e�
n
ite.

T
h
en
all
eigen
valu
es
of
A
are�
0.

)
d
eterm
in
an
t
of
A
�
0
.

)
r
2(0)�
jr(k
)j 2�
0.

2
3



C
o
v
a
ria
n
c
e
m
a
trix
:

R
= 26666666664

r(0)

r(1)

���
r(m
�
2
)

r(m
�
1)

r �(1)

r(0)

...

...

r(m
�
2)

...

...

...

...

...

...

...

...

...

...

r �(m
�
1)

r �(m
�
2)

���
r �(1)

r(0)

37777777775

�
It
is
easy
to
sh
ow
th
at
R
is
p
ositive
sem
id
e�
n
ite.

�
R
is
also
T
o
ep
litz.

�
S
in
ce
R
=
R
H
,
R
is
H
erm
itian
.2

4



�
E
ig
en
d
ecom
p
o
sition
of
R

R
=
U
�
U
H
;

w
h
ere
U
H
U
=
U
U
H

=
I

(U
is
u
n
itary
m
atrix
w
h
ose
colu
m
n
s
are
eigen
vectors
of
R
)

�
=
d
iag(�
1 ,
...,
�
m

),

(�
i
a
re
th
e
eigen
valu
es
o
f
R
,
real,
an
d
�
0).

2
5



F
irst
D
e
�
n
itio
n
o
f
P
S
D
:

P
(!
)
=

1Xk
=
�
1
r(k
)e �
j
!
k

r(k
)
=

12
� Z

�
�
�
P
(!
)e
j
!
k
d
!

O
r

P
(f
)
=

1Xk
=
�
1
r(k
)e �
j
2
�
f
k

r(k
)
= Z

12
�
12

P
(f
)e
j
2
�
f
k
df

R
em
ark
:�
S
in
ce
r(k
)
is
d
iscrete,
P
(!
)
an
d
P
(f
)
are
p
erio
d
ic,
w
ith

p
erio
d
2
�
(!
)
an
d
1
(f
),
resp
ectiv
ely.

2
6



� We usually consider ! 2 [��; �] or f 2 [� 1
2 ;
1

2 ].

� r(0) = 1
2�
R �

�� P (!)d! = Average power for all frequency.

PSD

ω1  ω2

ω

Average power between ω1 and ω2

27



S
e
c
o
n
d
D
e
�
n
itio
n
o
f
P
S
D
.

P
(!
)
=

lim
N
!
1
E 8<:
1N �����
N
�
1

Xn
=
0
x
(n
)e �
j
!
n ����� 2 9=;
:

T
h
is
d
e�
n
ition
is
eq
u
ivalen
t
to
th
e
�
rst
on
e
u
n
d
er

lim
N
!
1

1N

N
�
1

Xk
=
�
N
+
1 jkjjr(k

)j
=
0

(w
h
ich
m
ean
s
th
atf
r(k
)g
d
ecay
s
su
�
cien
tly
fast
).

P
ro
p
e
rtie
s
o
f
P
S
D
.

�
P
(!
)�
0
for
all
!
.

�
F
o
r
real
x
(n
);r(k
)
=
r(�
k
);)
P
(!
)
=
P
(�
!
);!
2
[�
�
;�
].

�
F
o
r
com
p
lex
x
(n
);r(k
)
=
r �(�
k
):

2
8



PSD for LTI Systems.

x(n) y(n)
       H (ω)

Py(!) = Px(!)jH(!)j2:

Complex (DE) Modulation.

y(n) = x(n)ej!0n:

It is easy to show that
ry(k) = rx(k)e
j!0k:

Py(!) = Px(! � !0):
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S
p
e
c
tra
l
E
stim
a
tio
n
P
ro
b
le
m

F
ro
m
a
�
n
ite-len
gth
record
f
x
(0);:::;x
(N
�
1)g,
d
eterm
in
e
an

estim
ate
^P
(!
)
o
f
th
e
P
S
D
,
P
(!
),
for
!
2
[-�
,�
].

N
o
n
P
a
ra
m
e
tric
M
e
th
o
d
s:

P
e
rio
d
o
g
ra
m
:

R
eca
ll
th
e
secon
d
d
e�
n
ition
of
P
S
D
:

P
(!
)
=

lim
N
!
1
E 8<:
1N �����
N
�
1

Xn
=
0
x
(n
)e �
j
!
n ����� 2 9=;
:

P
erio
d
ogram
=

^P
p (!
)
=

1N ��� P
N
�
1

n
=
0
x
(n
)e �
j
!
n ��� 2:

R
em
ark
:�
^P
p (!
)�
0
for
all
!
.

�
If
x
(n
)
is
real,
^P
p (!
)
is
even
.

�
E
[
^P
p (!
)]
=
?

V
ar[
^P
p (!
)]
=
?
(to
b
e
d
iscu
ssed
later
on
)

3
0



C
o
rre
lo
g
ra
m

(S
e
e
�
rst
P
S
D

d
e
�
n
itio
n
)

C
orrelogram
=

^P
c (!
)
=

N
�
1

Xk
=
�
(N
�
1
)

^r(k
)e �
j
!
k
:

U
n
b
ia
se
d
E
stim
a
te
o
f
r(k
):

8<:
k�
0
;

^r(k
)
=

1
N
�
k P
N
�
1

i=
k

x
(i)x �(i�
k
)

k
<
0
;

^r(k
)
=
^r �(�
k
)

3
1



Ex.

1

  0 1 2
i

x(i)

^r(0) = 1
3
P2

0(1)(1) = 1; (average of 3 points)

^r(�1) = ^r(1) = 1
2
P2

1(1)(1) = 1; (average of 2 points)

^r(�2) = ^r(2) = 1
1
P2

2(1)(1) = 1; (average of 1 point)

^r(�3) = ^r(3) = 0:

(ω)c
p

ω

ππ 0

r(k)

k

 -   −2   −1   0     1    2

32



R
em
ark
:

�
^r(k
)
is
a
b
ad
estim
ate
of
r(k
)
for
large
k
.

�
E
[^r(k
)]
=
r(k
)
(u
n
b
iased
)

P
ro
o
f:

E
[^r(k
)]
=
E "
1

N
�
k

N
�
1

Xi=
k
x
(i)x �(i�
k
) #

=

1
N
�
k

N
�
1

Xi=
k
r(k
)
=
r(k
)

�
^P
c (!
)
b
ased
on
u
n
b
iased
^r(k
)
m
ay
b
e�
0.

3
3



B
ia
se
d
E
stim
a
te
o
f
r(k
)
(u
sed
m
ore
often
!)

8<:
k�
0
;

^r(k
)
=

1N P
N
�
1

i=
k

x
(i)x �(i�
k
);

k
<
0
;

^r(k
)
=
^r �(�
k
);

R
em
ark
:

E
[^r(k
)]
=

1N

N
�
1

Xi=
k
E
[x
(i)x �(i�
k
)]

=

1N

N
�
1

Xi=
k
r(k
)
=
N
�
k

N

r(k
)

�!
r(k
);
as
N

!
1

(A
sy
m
p
totically
u
n
b
iased
)

3
4



Ex.
1

  0 1 2
i

x(i)
^r(0) = 1
3
P2

0(1)(1) = 1:

^r(�1) = ^r(1) = 1
3
P2

1(1)(1) =
2

3 :

^r(�2) = ^r(2) = 1
3
P2

2(1)(1) =
1

3 :

r(k)

-2 -1    0 1    2

k

DTFT

−π π

ω

P (c  ω )

0

35



R
em
ark
:

�
W
ith
b
iased
^r(k
);
^P
c (!
)
=

^P
p (!
)�
0
;for
all
!

�
E
[^r(k
)]6=
r(k
)

E
[^r(k
)]�!
r(k
);
as
N

!
1
)
A
sy
m
p
totically
u
n
b
iased
.

�
^R
= 26666664

^r(0)

^r(1)

���
^r(N
�
1
)

^r �(1)

^r(0)

���
^r(N
�
2)

...

...

...

...

^r �(N
�
1)

^r �(N
�
2)

���

^r(0)

37777775
,

w
ith
^r(k
)
b
iased
estim
ate.
T
h
en
^R
is
p
ositive
sem
id
e�
n
ite.

3
6



G
e
n
e
ra
l
C
o
m
m
e
n
ts
o
n

^P
p (!
)
a
n
d

^P
c (!
):

�
^P
p (!
)
an
d
^P
c (!
)
p
rov
id
e
P
O
O
R
estim
ate
of
P
(!
).
(T
h
e

va
ria
n
ces
o
f
^P
p (!
)
an
d
^P
c (!
)
are
h
igh
.)

R
ea
son
:
^P
p (!
)
an
d
^P
c (!
)
are
from
a
sin
gle
rea
lization
of
a
ra
n
d
om

p
ro
cess.

�
C
o
m
p
u
te
^P
p (!
)
v
ia
F
F
T
.

R
eca
ll
D
F
T
:
(N
2
com
p
lex
m
u
ltip
lication
)

X
(k
)
=

N
�
1

Xi=
0
x
(i)e �
j
2
�

N

k
i

^P
p (k
)
=

1N
jX
(k
)j 2:

3
7



L
et

W

=

e �
j
2
�

N

;N

=
2
m

X
(k
)

=

N
�
1

Xn
=
0
x
(n
)W
k
n

=

N2 �
1

Xn
=
0
x
(n
)W
k
n
+

N
�
1

Xn
=
N2

x
(n
)W
k
n

=

N2 �
1

Xn
=
0 �
x
(n
)
+
x �
n
+
N2 �

W

N

k
2 �
W
k
n

N
o
te:

W

N

k
2

=
e �
j
2
�

N

N

k
2

=
e �
j
�
k

= �
1
;

even
k

�
1
;

o
d
d
k

3
8



8<:
X
(2
p
)
= P
N
�
1

n
=
0 �x
(n
)
+
x
(n
+
N2
) �
W
k
n
;

k
=
2
p
=
0
;2
;:::

X
(2
p
+
1
)
= P

N2 �
1

n
=
0 �x
(n
)�
x
(n
+
N2
) �
W
k
n
;

k
=
2
p
+
1
;

w
h
ich
req
u
ires
2 �
N2 �
2

com
p
lex
m
u
ltip
lication

T
h
is
p
ro
cess
is
con
tin
u
ed
till
2
p
o
in
ts.

�
R
em
ark
:
A
n
N

=
2
m

-p
t
F
F
T
req
u
ires
O
(N
log
2
N
)
com
p
lex

m
u
ltip
lication
s.

�
Z
ero
p
ad
d
in
g
m
ay
b
e
u
sed
so
th
at
N

=
2
m
:

�
Z
ero
p
ad
d
in
g
w
ill
n
ot
ch
an
ge
resolu
tion
of
^P
p (!
):

3
9



F
U
N
D
A
M
E
N
T
A
L
S
O
F
E
S
T
IM
A
T
IO
N

T
H
E
O
R
Y

P
ro
p
e
rtie
s
o
f
a
G
o
o
d
E
stim
a
to
r
fo
r
a
c
o
n
sta
n
t
sc
a
la
r
a

�
S
m
all
B
ias:

B
ias
=
E
[^a
]�
a

�
S
m
all
V
arian
ce:

V
arian
ce
=
E n
(^a�
E
[^a
])
2 o

�
C
o
n
sisten
t:^a!

a
as
N
u
m
b
er
of
m
easu
rem
en
ts!
1
.

4
0



Ex. Measurement

y = a+ e,

Where a is an unknown constant and e is N(0,�2).

Find ^a from y ?

Pdf of y:

f(y|a)

y

a

41



Maximum Likelihood (ML) Estimate of a:

Say y = 5, we want to �nd ^a so that it is most likely that the

measurement is 5

@f(yja)
@a

ja=^aML

= 0:

a 5 = a 

y

ML

� ) ^aML = y

� E[^aML] = E[y] = E[a+ n] = a

� V ar[^aML] = V ar[y] = �2

42



E
x
.
y
=
a
+
e

T
h
ree
in
d
ep
en
d
en
t
m
easu
rem
en
ts
y
1 ;y
2 ;y
3
are
taken
.

^a
M

L

=
?
B
ias
=
?
V
arian
ce
=
?

f
(y
i ja
)
=

1
p

2
�
�
e
�

(
y
i
�

a
)
2

2
�
2

:

f
(y
1 ;y
2 ;y
3 ja
)
=
�
3i=

1

1
p

2
�
�
e
�

(
y
i
�

a
)
2

2
�
2

:

@
f
(y
1
;y
2
;y
3 ja
)

@
a

ja
=
^a
M

L

=
0

)
^a
M

L

=
13

(y
1
+
y
2
+
y
3 ):

E
[^a
M

L
]
=
E �
13

(y
1
+
y
2
+
y
3 ) �
=
a
:

V
a
r[^a
M

L
]

=

19
V
a
r(y
1
+
y
2
+
y
3 )

=

19
(�
2
+
�
2
+
�
2)
=
�
23

:

4
3



Ex. x is a measurement of an uniformly distributed random

variable on [0, � ], where � is an unknown constant. ^�ML = ?

^�ML = x

θ
θ

θ
= x

x
ML

Question: What if two independent measurements x1 and x2 are

taken ?

^�ML =max (x1; x2 ).

x x 1 2

44



C
ra
m
�er
-
R
a
o
B
o
u
n
d
.

L
et
B
(a
)
=
E
[^a
(r)ja
]�
a
d
en
ote
th
e
b
ias
o
f
^a
(r),
w
h
ere
r
is
th
e

m
ea
su
rem
en
t.

T
h
en

M
S
E
=
E h(^a
(r)�
a
)
2ja i�
[ 1
+

@@a
B
(a
)]
2

E �
[
@@a

ln
f
(rja
)]
2ja 	
.

*
T
h
e
d
en
om
in
ator
of
th
e
C
R
B
is
k
n
ow
n
a
s
F
ish
er's
In
form
ation
,

I
(a
).

*
If
B
(a
)
=
0,
th
e
n
u
m
erator
of
C
R
B
is
1.

4
5



P
ro
of:

B
(a
)

=

E
[^a
(r)�
aja
]

=

Z
1�

1
[^a
(r)�
a
]f
(rja
)d
r

@@
a
B
(a
)

=

Z
1�

1
[^a
(r)�
a
]
@@

a
f
(rja
)d
r� Z
1�

1
f
(rja
)d
r

|
{z
}

=
1

1
+

@@
a
B
(a
)

=

Z
1�

1
[^a
(r)�
a
]f
(rja
)
@@

a
f
(rja
)

1
f
(rja
)
d
r

B
u
t

@@
a
ln
f
(rja
)

=

@@
a
f
(rja
)

f
(rja
)

1
+

@@
a
B
(a
)

=

Z
1�

1
[^a
(r)�
a
]f
(rja
)
@@

a
ln
f
(rja
)d
r

) nR
1�

1
[^a
(r)�
a
] p
f
(rja
) h�
@@

a
ln
f
(rja
) � p
f
(rja
) i
d
r o

2

= �1
+

@@
a
B
(a
) �
2:

4
6



S
ch
w
a
rz
In
e
q
u
a
lity
:

Z
1�

1
g
1 (x
)g
2 (x
)d
x� �Z
1�

1
g
1
2(x
)d
x �

12 �Z
1�

1
g
2
2(x
)d
x �

12
;

w
h
ere
\
=
"
h
old
s
i�
g
1 (x
)
=
cg
2 (x
)
for
som
e
co
n
stan
t
c
(c
is

in
d
ep
en
d
en
t
of
x
).

) �
1
+

@@
a
B
(a
) �

2

�
�Z
1�

1
[^a
(r)�
a
] 2f
(rja
)d
r �

: (Z
1�

1 �
@@

a
ln
f
(rja
) �

2f
(rja
)d
r )

|

{z

}

I
(a
)

w
h
ere
\=
"
h
old
s
i�

^a
(r)�
a
=
c
@@

a
ln
f
(rja
):

(w
h
ere
c
is
a
con
stan
t
in
d
ep
en
d
en
t
of
r).

4
7



E
�
c
ie
n
t
E
stim
a
te
:

A
n
estim
ate
is
e�
cien
t
if

(a
.)
It
is
u
n
b
iased

(b
.)
It
ach
iev
es
th
e
C
R
-
b
ou
n
d
,
i.e,
E n
[^a
(r)�
a
] 2ja o
=
C
R
B
.

E
x
.
r
=
a
+
e

w
h
ere
a
is
u
n
k
n
ow
n
con
stan
t,
e �
N
(0
;�
2):
^a
M

L

=
?
e�
cien
t
?

f
(rja
)
=

1
p

2
�
�
e �
1

2
�
2
(r�
a
)
2

ln
f
(rja
)
=
ln

1
p

2
�
�
�
1

2
�
2
(r�
a
)
2:

@@
a
ln
f
(rja
)
=
�
1

2
�
2
2(r�
a
)

=

1�
2
(a�
r):

4
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@@
a
ln
f
(rja
) ����

a
=
^a
M

L

=
0

)
^a
M

L

=
r

@@
a
ln
f
(rja
)

=

1�
2
(a�
^a
M

L
)

)
�
�
2
@@

a
ln
f
(rja
)

=

^a
M

L �
a

)

^a
M

L

e�
cien
t 8<:
E h
(^a
M

L �
a
)
2 ���
a i
=
C
R
B

E
[^a
M

L
]
=
E
[r]
=
a
;

u
n
b
iased

R
em
ark
:�
M
S
E
=
V
a
r[^a
M

L
]
=
V
a
r[r]
=
�
2.

�
I
(a
)
=
E (�
@@

a
ln
f
(rja
) �

2 �����
a )
=
E (�
1�

2
(a�
r) �

2 )
=

1�
4
�
2
=

1�
2

)

C
R
B
=

1
I
(a
)
=
�
2
=
V
a
r[^a
M

L
]:

4
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R
em
ark
s:

(1
)
If
^a
(r)
is
u
n
b
iased
,
V
a
r[^a
(r)
]�
C
R
B
.

(2
)
If
an
e�
cien
t
estim
ate
^a
(r)
ex
ists,
i.e,

@@
a
ln
f
(rja
)
=
c[^a
(r)�
a
]:

(c

is
in
d
ep
en
d
en
t
of

r:)

th
en

0
=

@@
a
ln
f
(rja
)ja
=
^a
M

L
(r
)
resu
lts
in
^a
M

L
(r)
=
^a
(r):

)

If
an
e�
cien
t
estim
ate
ex
ists,
it
is
^a
M

L
.

(3
)
If
an
e�
cien
t
estim
ate
d
o
es
n
ot
ex
ist,
h
ow
go
o
d
^a
M

L
(r)
is

d
ep
en
d
s
on
each
sp
eci�
c
p
rob
lem
.

N
o
estim
ator
can
a
ch
ieve
th
e
C
R
-b
ou
n
d
.
B
ou
n
d
s
(for
ex
am
p
le,

B
h
a
ttach
ary
a,
B
aran
k
in
)
larger
th
an
th
e
C
R
-b
o
u
n
d
m
ay
b
e
fo
u
n
d
.

5
0



In
d
ep
en
d
en
t
m
easu
rem
en
ts
r
1 ;:::;r
N

availab
le,
w
h
ere
r
i
m
ay
or

m
ay
n
ot
b
e
G
au
ssian
.

A
ssu
m
e

^a
M

L

=

1N

N
Xi=

1
r
i :

L
aw
o
f
large
n
u
m
b
ers:
^a
M

L

�!
N
!
1
a

C
e
n
tra
l
L
im
it
T
h
e
o
re
m
:

^a
M

L

h
as
G
au
ssian
d
istrib
u
tion
as
N

!
1
.

5
1



A
sy
m
p
to
tic
P
ro
p
e
rtie
s
o
f
^a
M

L
(r
1 ;:::;r
N
)

(a
)
^a
M

L
(r
1 ;:::;r
N
)
�!

N
!
1
a
(^a
M

L

is
a
con
sisten
t
estim
a
te.)

(b
)
^a
M

L

is
asy
m
p
totically
e�
cien
t.

(c)
^a
M

L

is
ay
m
p
totically
G
au
ssian
.

E
x
.
r
=
g �
1(a
)
+
e;

e �
N
(0
;�
2):

^a
M

L

=
?

e�
cien
t
?

L
et

b
=
g �
1(a
):

T
h
en

a
=
g
(b)

@@
a
ln
f
(rja
)
=

1�
2 �r�
g �
1(a
) �
d
g �
1(a
)

d
a

ja
=
^a
M

L

=
0

^a
M

L

=
g
(r)
=
g
( ^b
M

L
):

In
v
a
ria
n
c
e
p
ro
p
e
rty
o
f
M
L
e
stim
a
to
r

�
If
a
=
g
(b)
th
en
^a
M

L

=
g
( ^b
M

L
):

�
^a
M

L

m
ay
n
ot
b
e
e�
cien
t.
^a
M

L

is
n
ot
e�
cien
t
if
g
(�)
is
a

n
o
n
lin
ear
fu
n
ction
.

5
2



P
R
O
P
E
R
T
IE
S
O
F
P
E
R
IO
D
O
G
R
A
M

B
ia
s
A
n
a
ly
sis

�
W
h
en
^r(k
)
is
a
b
iased
estim
ate,

E h
^P
p (!
) i
=
E h
^P
c (!
) i
=
E 8<:

N
�
1

Xk
=
�
(N
�
1
)

^r(k
)e �
j
!
k 9=;

k�
0
;

E
[^r(k
)]
=
N
�
k

N

r(k
);

k
<
0
;

E
[^r(k
)]
=
E
[r �(�
k
)]
=
N
+
k

N

r �(�
k
)
=
N
�
jkj

N

r(k
);

E h
^P
p (!
) i
=

N
�
1

Xk
=
�
(N
�
1
) �

1�
jkjN �

r(k
)e �
j
!
k
:

5
3



Bartlett or Triangular Window.

N-1
k

-(N-1)

1
B (k)w

E
h

^Pp(!)
i

=

1X
k=�1

[wB(k)r(k)] e
�j!k

Let wB(k)
DTFT ! WB(!)

E
h

^Pp(!)
i

= 1
2�
R �

�� P ( )WB(! �  )d :

54



� When ^r(k) is unbiased estimate,

E
h

^Pp(!)
i

= 1
2�
R �

�� P ( )WR(! �  )d .

wR(k)
DTFT ! WR(!)

N-1

k

-(N-1) 0

(k)R

 1

B,R

)ωP( 
W (ω)

E [ P(ω)]

w

55



ω

(ω)W B

0

Main lobe Side lobes
3 dB power width of main lobe � 2�
N

(or 1
N

in Hz) .

Remark:� The main lobe of WB(!) smears or smooths P (!).

� Two peaks in P (!) that are separated less than 2�
N

cannot be

resolved in ^Pp(!).

� 1
N

in Hz is called spectral resolution limit of periodogram

methods.
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R
em
ark
:

�
T
h
e
sid
e
lob
es
o
f
W
B
(!
)
tran
sfer
p
ow
er
from
h
igh
p
ow
er

freq
u
en
cy
b
in
s
to
low
p
ow
er
freq
u
en
cy
b
in
s
|
{
leakage.

�
S
m
earin
g
an
d
leakage
cau
se
m
ore
p
rob
lem
s
to
p
eak
y
P
(!
)
th
an

to

a
t
P
(!
).

If
P
(!
)
=
�
2;
for
all
!
,
E
[ ^P
p (!
)]
=
P
(!
).

�
B
ia
s
of
^P
p (!
)
d
ecreases
a
s
N

!
1
.
(asy
m
p
totically
u
n
b
iased
.)

5
7



V
a
ria
n
c
e
A
n
a
ly
sis

W
e
sh
all
con
sid
er
th
e
case
x
(n
)
is
zero-m
ean
circu
larly
sy
m
m
etric

co
m
p
lex
G
au
ssian
w
h
ite
n
oise.

K
8<:

E
[x
(n
)x �(k
)]
=
�
2�(n�
k
):

E
[x
(n
)x
(k
)]
=
0

for
all

n
;k
:

J
is
eq
u
ivalen
t
to:

8>><>>:
E
[
R
e(x
(n
))R
e(x
(k
))]
=
�
22

�(n�
k
):

E
[Im
(x
(n
))Im
(x
(k
))]
=
�
22

�(n�
k
):

E
[R
e(x
(n
))Im
(x
(k
))]
=
0
:

R
em
ark
:
T
h
e
real
an
d
im
agin
ary
p
arts
of
x
(n
)
are
N
(0
;
�
22

)
an
d

in
d
ep
en
d
en
t
of
each
oth
er.

5
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R
em
ark
:
If
x
(n
)
is
zero-m
ean
com
p
lex
G
au
ssian
w
h
ite
n
oise,
^P
p (!
)

is
a
n
u
n
b
iased
estim
ate.

�
r(k
)

=

�
2�(k
):

E h
^P
p (!
) i
=

N
�
1

Xk
=
�
(N
�
1
) �

1�
jkjN �

r(k
)e �
j
!
k
=
�
2

�
P
p (!
)

=

1Xk
=
�
1
r(k
)e �
j
!
k
=
�
2

=

E h
^P
p (!
) i
:

5
9



F
o
r
G
au
ssian
com
p
lex
w
h
ite
n
oise,

E
[x
(k
)x �(l)x
(m
)x �(n
)]
=
�
4
[�(k�
l)�(m
�
n
)
+
�(k�
n
)�(l�
m
)]:

E h
^P
p (!
1 )
^P
p (!
2 ) i
=

1N
2

N
�
1

Xk
=
0

N
�
1

Xl=
0

N
�
1

Xm
=
0

N
�
1

Xn
=
0
E
[x
(k
)x �(l)x
(m
)x �(n
)]

e �
j
!
1
(k�
l)e �
j
!
2
(m
�
n
)

=

�
4
+

�
4

N
2

N
�
1

Xk
=
0

N
�
1

Xl=
0
e �
j
(!
1 �
!
2
)(k�
l)

=

�
4
+

�
4

N
2 �����

N
�
1

Xk
=
0
e
j
(!
1 �
!
2
)k ����� 2

=

�
4
+

�
4

N
2 (

sin
[(!
1 �
!
2 )
N2
]

sin
(!
1 �
!
2
)

2

)
2

6
0



lim
N!1
E
h

^Pp(!1) ^Pp(!2)
i

= P (!1)P (!2) + P 2(!1)�(!1 � !2):

lim
N!1
E
nh

^Pp(!1)� P (!1)
i h

^Pp(!2)� P (!2)
io

=
8<

: P 2(!1); !1 = !2

0; !1 6= !2 ( uncorrelated if !1 6= !2)

Remark: � ^Pp(!) is not a consistent estimate.

� If !1 6= !2; ^Pp(!1) and ^Pp(!2) are uncorrelated with each other.

� This variance result is also true for

y(n) =

1X
k=0
h(k)x(n� k);

where x(n) is zero-mean complex Gaussian white noise.

x(n) y(n)       h (n)
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R
E
F
IN
E
D

M
E
T
H
O
D
S

D
ecrease
varian
ce
of
^P
(!
)
b
y
in
creasin
g
b
ias
or

d
ecreasin
g
resolu
tion
.

B
la
ck
m
a
n
-
T
u
k
e
y
(B
T
)
M
e
th
o
d

R
em
ark
:
T
h
e
^r(k
)
u
sed
in
^P
c (!
)
is
p
o
or
estim
ate
fo
r
large
lags
k
.

M

<
N

:

^P
B
T
(!
)
=

M

�
1

Xk
=
�
(M
�
1
)
w
(k
)^r(k
)e �
j
!
k
;

w
h
ere
w
(k
)
is
called
lag
w
in
d
ow
.

R
em
ark
:
If
w
(k
)
is
rectan
gu
lar,
w
(k
)^r(k
)
is
a
tru
n
cated
v
ersion
of

^r(k
):

If
^r(k
)
is
a
b
iased
estim
ate,
an
d
w
(k
)
D
T
F
T

 !
W
(!
)

^P
B
T
(!
)
=

12
� R
��

�

W
(!
�
 
)
^P
p ( 
)d
 
.

6
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R
e
m
a
rk
:�
B
T
sp
ectral
estim
ator
is
\lo
cally
"
w
eigh
ted
av
erage
o
f

p
erio
d
ogram

^P
p (!
).

�
T
h
e
sm
aller
th
e
M

,
th
e
p
o
orer
th
e
resolu
tion
of
^P
B
T
(!
)
b
u
t
th
e

low
er
th
e
varian
ce.

�
R
esolu
tion
of
^P
B
T
(!
)/
1M

.

�
V
a
rian
ce
of
^P
B
T
(!
)/
MN

M

�
x
ed

�!
N
!
1

0
.

�
F
or
�
x
ed
M

,
^P
B
T
(!
)
is
asy
m
p
totically
b
iased
b
u
t
varian
ce�!
0
.

Q
u
e
stio
n
:
W
h
en
is
^P
B
T
(!
)�
08
!
?
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T
h
e
o
re
m
:
L
et
Y
(!
)
D
T
F
T

 !
y
(n
),

�
(N
�
1)�
n
�
N
�
1

T
h
en
Y
(!
)�
08
!
i�

26666666666664
y
(0)

y
(1)

���
y
(N
�
1
)

0

���

y
(�
1)

y
(0)

���
y
(N
�
2
)

y
(N
�
1)

���

...

...

y
[�
(N
�
1)]

���

y
(0)

y
(1)

���

0

...

...

...

...

...

37777777777775

is
p
o
sitive
sem
id
e�
n
ite.

In
o
th
er
w
ord
s,
Y
(!
)�
08
!
i�

���;0
;���;0
;y
[�
(N
�
1)];���;y
(0);y
(1);���;y
(N
�
1);0
;���
is
a

p
o
sitive
sem
id
e�
n
ite
seq
u
en
ce.
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R
em
ark
:�
^P
B
T
(!
)�
08
!
i�
f
w
(k
)^r(k
)g
is
a
p
ositive
sem
id
e�
n
ite

seq
u
en
ce.

�
^P
B
T
(!
)�
08
!
i�

^R
B
T

=

26666666664

w
(0)^r(0)

���
w
(M

�
1)^r(M

�
1)

0

���

...

...

w
[�
(M

�
1)]^r[�
(M

�
1)]

���

w
(0)^r(0)

0

...

...

...

37777777775

is
p
o
sitive
sem
id
e�
n
ite,
i.e,
^R
B
T

�
0.
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^R
B
T

= 26666666664
w
(0)

���
w
(M

�
1)

0

���

...

w
[�
(M

�
1)]

���

w
(0)

0

...

...

...

37777777775

J
26666666664

^r(0)

���
^r(N
�
1)

0

���

...

^r[�
(N
�
1)]

���

^r(0)

0

...

...

...

37777777775

J
=
H
ad
am
ard
m
atrix
p
ro
d
u
ct:

(ij)
th

elem
en
t:
(A J
B
)
ij
=
A
ij B
ij
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T
h
eo
rem
:

If
A
�
0
(p
ositive
sem
id
e�
n
ite)
B
�
0
th
en
A J
B
�
0.

R
em
ark
:
If
^r(k
)
is
a
b
iased
estim
ate,
^P
p (!
)�
08
!
.
T
h
en
if
W
(!
)

�
08
!
,
w
e
h
ave
^P
B
T
(!
)�
08
!
.

R
em
ark
:
N
on
n
egative
d
e�
n
ite
(p
ositiv
e
sem
id
e�
n
ite)
w
in
d
ow

seq
u
en
ces:
B
artlett,
P
arzen
.
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Time-Bandwidth Product

� Equivalent Time Width Ne:

Ne =
P
M�1

n=�(M�1)
w(n)

w(0)

Ex.

Ne =
PM�1

k=�(M�1)(1)

1

= 2M � 1:

0

1

(n)

n
-(M-1) M-1

w
R

68



Ex.

wB(n) =
8<

: 1� jnj
M

; �(M � 1) � n � (M � 1)

0; else

Ne =M

-(M-1) 0

1

(n)

M-1

n

B
w

69



�
E
q
u
iv
a
le
n
t
B
a
n
d
w
id
th
�
e :

2
�
�
e
= R

��

�

W

(!
)d
!

W

(0
)

S
in
ce

w
(n
)
D
T
F
T

 !
W
(!
):

w
(n
)
=

12
� Z

�
�
�
W
(!
)e
j
!
n
d
!
:

)
w
(0)
=

12
� Z

�
�
�
W
(!
)d
!
:

W
(!
)
=

M

�
1

Xn
=
�
(M
�
1
)
w
(n
)e �
j
!
n
:

)
W
(0)
=

M

�
1

Xn
=
�
(M
�
1
)
w
(n
)
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N
e �
e
= P

M

�
1

n
=
�
(M
�
1
)
w
(n
)

12
� R
��

�
W
(!
)d
!

R
��

�
W
(!
)d
!

2
� P
M

�
1

n
=
�
(M
�
1
)
w
(n
)
=
1

)

N
e �
e
=
1

(T
im
e
B
an
d
w
id
th
p
ro
d
u
ct.)

R
em
ark
:

�
If
a
sign
al
d
ecay
s
slow
ly
in
on
e
d
om
ain
,
it
is
m
ore
con
cen
tra
ted
in

th
e
o
th
er
d
om
ain
.

�
W
in
d
ow
sh
ap
e
d
eterm
in
es
th
e
sid
e
lob
e
level
relative
to
W
(0).

7
1



Ex:

x(2n)
DTFT ! 1

2
X
�!

2
�

:

x(n)

x(2n)

n

1

0

 X(ω)

1/2
ω

1/2

0
n

ω

1/4

Remark: � Once the window shape is �xed, M " ! Ne " ! �e #.

) M " ! main lobe width #.
72



W
in
d
o
w
d
e
sig
n
fo
r
^P
B
T
(!
)

L
et
�
m

=
3d
B
m
ain
lob
e
w
id
th
.

R
esolu
tion
of
^P
B
T
(!
)�
�
m

V
arian
ce
of
^P
B
T
(!
)�
1

�
m

:

�
C
h
oice
of
�
m

is
b
ased
o
n
th
e
trad
e-o�
b
etw
een
resolu
tion

an
d
varian
ce,
an
d
N

�
C
h
oice
of
w
in
d
ow
sh
ap
e
is
b
ased
on
leakage,
an
d
N
.

�
P
ra
c
tic
a
l
ru
le
o
f
th
u
m
b
:

1
.
M

�
N1

0
:

2
.
W
in
d
ow
sh
ap
e
b
ased
on
trad
e-o�
b
etw
een
sm
earin
g
an
d
leakage.

3
.
W
in
d
ow
sh
ap
e
for
^P
B
T
(!
)�
0
;

8
!

R
em
ark
:�
O
th
er
m
eth
o
d
s
for
N
on
-p
aram
etric
S
p
ectral

E
stim
ation
in
clu
d
e:
B
artlett,
W
elch
,
D
an
iell
M
eth
o
d
s.

�
A
ll
try
to
red
u
ce
varian
ce
at
th
e
ex
p
en
se
of
p
o
orer
resolu
tion
.
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B
a
rtle
tt
M
e
th
o
d

x
(n
):������

|{z}
x
1
(n
)

������

|{z}
x
2
(n
)

������������

|{z}
x
L
(n
)

�
x
(n
)
is
an
N

p
oin
t
seq
u
en
ce.

�
x
l (n
);l
=
1
;���;L
;
are
M

p
oin
t
seq
u
en
ces.

�
x
l (n
)
are
n
on
-overlap
p
in
g.
L
=
NM

:

^P
l (!
)
=

1M �����
M

�
1

Xn
=
0
x
l (n
)e �
j
!
n ����� 2

^P
B
(!
)
=

1L

L
Xl=

1
^P
l (!
):

R
em
ark
:

�
^P
B
(!
)�
0
;8
!
.

�
F
o
r
large
M

an
d
L
,
^P
B
(!
)�
[
^P
B
T
(!
)
u
sin
g
w
R
(n
)
]
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Welch Method:

� xl(n) may overlap in the Welch method.

� xl(n) may be windowed before computing Periodogram.

xs (n)

x  

x

 1

2

(n)

(n)

Let w(n) be the window applied to xl(n); l = 1; ::; S; n = 0; ::;M�1

Let

P = power of w(n) =

1
M

M�1X
n=0
jw(n)j2

75



^P
l (!
)
=

1
M
P �����

M

�
1

Xn
=
0
w
(n
)x
l (n
)e �
j
!
n ����� 2

^P
W

(!
)
=

1S

S
Xl=

1
^P
l (!
)

R
em
ark
s:�
B
y
allow
in
g
x
l (n
)
to
overlap
,
w
e
h
op
e
to
h
ave
a
larger

S
,
th
e
n
u
m
b
er
of
^P
j (!
)
w
e
av
erage.
50%
overlap
in
gen
eral.

P
ra
ctical
ex
am
p
les
sh
ow
th
at
^P
W

(!
)
m
ay
o�
er
low
er
varian
ce

th
a
n
^P
B
(!
),
b
u
t
n
ot
sign
i�
can
tly
.

�
^P
W

(!
)
m
ay
b
e
sh
ow
n
to
b
e
^P
B
T
(!
)
-ty
p
e
estim
ator,
u
n
d
er

rea
so
n
ab
le
ap
p
rox
im
ation
.

�
^P
W

(!
)
can
b
e
easily
com
p
u
ted
w
ith
F
F
T
-fav
ored
in
p
ractice

�
^P
B
T
(!
)
is
th
eoretically
favored
.7
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Daniell Method:

^PD(!) =

1
2��
R !+��

!���
^Pp( )d :

p
P

 ω−βπ   ω+βπ

(ψ)

ψ

Remark: � ^PD(!) is a special case of ^PBT (!) with

w(n) in ^PBT (!)
DTFT ! W (!) =
8<

:
1

�
; ! 2 [���; ��]

0; else .

� The larger the �, the lower the variance, but the poorer the

resolution.
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Im
p
le
m
e
n
ta
tio
n
o
f
^P
D
(!
)

�
Z
ero
p
ad
x
(n
)
so
th
at
x
(n
)
h
as
N
0
p
o
in
ts,
N
0
>
>
N
:

�
C
a
lcu
late
^P
p (!
k )
w
ith
F
F
T
.

!
k
=
2
�

N
0 k
;

k
=
0
;���;N
0�
1
:

�

^P
D
(!
k )
=

1
2
J
+
1

k
+
J

Xj
=
k�
J

^P
p (!
j ):

^P
p (!
)

���

���
��
���

|
{z
}

2J
+
1
p
oin
ts
averagin
g �

+^P
D
(!
k )
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PARAMETRIC METHODS

Parametric Modeling

Ex.

P (f) =

r(0)p
2��f
e
� 1
2
�

f
�f
�2

; jf j � 1
2

P(f)

f

Remark: � P (f) is described by 2 unknowns: r(0) and �f :

� Once we know r(0) and �f , we know P (f), the PSD.

� Nonparametric methods assume no knowledge on P (f) { too

many unknowns.

� Parametric Methods attempt to estimate r(0) and �f .

79



Parsimony Principle:

Better estimates may be obtained by using an

appropriate data model with fewer unknowns.

Appropriate Data Model.

� If data model wrong, ^P (f) will always be biased.

Estimate

True PSD

f

� To use parametric methods, reasonably correct `a priori'

knowledge on data model is necessary.
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R
a
tio
n
a
l
S
p
e
c
tra
:

P
(!
)
=
�
2 ���
B
(!
)

A
(!
) ��� 2

A
(!
)
=
1
+
a
1 e �
j
!
+
���+
a
p e �
j
p
!

B
(!
)
=
1
+
b
1 e �
j
!
+
���+
b
q e �
j
q
!
:

R
em
ark
:�
W
e
m
ostly
con
sid
er
real
valu
ed
sign
a
ls
h
ere.

�
a
1 ;���;a
p ;b
1 ;���;b
q
are
real
co
e�
cien
ts.

�
A
n
y
con
tin
u
ou
s
P
S
D

can
b
e
ap
p
rox
im
ated
arb
itra
rily
clo
se
b
y
a

ra
tio
n
al
P
S
D
.

8
1



u(n) H (ω) = (ω)
(ω)

x(n)B
A

u(n) = zero-mean white noise of variance �2.

Pxx(!) = �2
����B(!)A(!)
����2:

Remark:

The rational spectra can be associated with a signal obtained by

�ltering white noise of power �2 through a rational �lter with

H(!) =
B(!)

A(!)
:

82



In Di�erence Equation Form,

x(n) = �
pX

k=1
akx(n� k) +

qX
k=0
bku(n� k):

In Z-transform Form, z = ej!
H(z) =
B(z)

A(z)
;

A(z) = 1 + a1z
�1 + � � �+ apz
�p

B(z) = 1 + b1z
�1 + � � �+ bqz
�q

-1z x(n) x(n-1)

Unit Delay line

Notation sometimes used : z�1x(n) = x(n� 1)

Then: x(n) =
B(z)

A(z)
u(n)
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A
R
M
A
M
o
d
el:
A
R
M
A
(p
,q
)

P
(!
)
=
�
2 ���� B
(!
)

A
(!
) ���� 2:

A
R
M
o
d
el:
A
R
(p
)

P
(!
)
=
�
2 ����
1

A
(!
) ���� 2:

M
A
M
o
d
el:
M
A
(q
)

P
(!
)
=
�
2jB
(!
)j 2:

R
em
ark
:�
A
R
m
o
d
els
p
eak
y
P
S
D
b
etter
.

�
M
A
m
o
d
els
valley
P
S
D
b
etter.

�
A
R
M
A
is
u
sed
for
P
S
D
w
ith
b
o
th
p
eak
s
an
d
valley
s.
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S
p
e
c
tra
l
F
a
c
to
riz
a
tio
n
:

H
(!
)
=
B
(!
)

A
(!
)

P
(!
)
=
�
2 ���� B
(!
)

A
(!
) ���� 2
=
�
2B
(!
)B
�(!
)

A
(!
)A
�(!
)
:

A
(!
)
=
1
+
a
1 e �
j
!
+
���+
a
p e �
j
p
!

b
1 ;���;b
q ;a
1 ;���;a
p
are
real
co
e�
cien
ts.

A
�(!
)

=

1
+
a
1 e
j
!
+
���+
a
p e
j
p
!

=

1
+
a
1
1z

+
���+
a
p

1z
p

=
A
(
1z

)

P
(z
)
=
�
2
B
(z
)B
(
1z
)

A
(z
)A
(
1z
)
:

R
em
ark
:
If
a
1 ;���;a
p ;b
1 ;���;b
q
are
com
p
lex
,

P
(z
)
=
�
2
B
(z
)B
�(
1z

�

)

A
(z
)A
� �
1z

� �
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Consider

P (z) = �2
B(z)B( 1
z
)

A(z)A( 1
z
)
:

Remark: � If � is zero for P (z), so is 1
�
.

� If � is a pole for P (z), so is 1
�
.

� Since the a1; � � � ; ap; b1; � � � ; bq are real, the poles and zeroes of

P (z) occur in complex conjugate pairs.

Im

Re1
x x
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Remark:

� If poles of 1
A(z) inside unit circle , H(z) = B(z)

A(z) is BIBO stable.

� If zeroes of B(z) inside unit circle, H(z) = B(z)

A(z) is minimum

phase.

� We chose H(z) so that both its zeroes and poles are inside unit

circle.

u(n) H = x(n)B
A

(z)
(z)
(z)

Minimum Phase system
           Stable and
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R
e
la
tio
n
sh
ip
s
A
m
o
n
g
M
o
d
e
ls

�
A
n
M
A
(q
)
o
r
A
R
M
A
(p
,q
)
m
o
d
el
is
eq
u
ivalen
t
to
a
n
A
R
(1
).

�
A
n
A
R
(p
)
or
A
R
M
A
(p
,q
)
m
o
d
el
is
eq
u
ivalen
t
to
a
n
M
A
(1
)

m
o
d
el

E
x
:

H
(z
)
=
1
+
0
:9
z �
1

1
+
0
:8
z �
1
=

A
R
M
A
(1,1)

H
(z
)

=

1

(1
+
0
:8
z �
1)

1

(1
+
0
:9
z
�

1
)

=

1

(1
+
0
:8
z �
1)(1�
0
:9
z �
1
+
0
:81
z �
2
+
���)

=

A
R
(1
):

R
em
ark
:L
et
A
R
M
A
(p
,q
)
=
B
(z
)

A
(z
)
=

1
C
(z
)
=
A
R
(1
).

F
ro
m
a
1 ;���;a
p ;b
1 ;���;b
q ,
w
e
can
�
n
d
c
1 ;c
2 ;���
an
d
v
ice
v
ersa
.
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S
in
ce

B
(z
)

A
(z
)
=

1
C
(z
) )
B
(z
)C
(z
)
=
A
(z
)

) �1
+
b
1 z �
1
+
���+
b
q z �
q ��1
+
c
1 z �
1
+
��� �

= �1
+
a
1 z �
1
+
���+
a
p z �
p �

266666666666666666664
1

0

���
���
0
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1

1
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���
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...
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...
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c
p

...

...
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c
p
+
1
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1
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1
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c
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1b
1

b
2...b

q 3777777775
= 26666666666664

1a
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p0... 37777777777775

(�)
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26664
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+
1
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���
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c
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37775 26666664
1b
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00...0 37777775
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���
c
p�
q
+
1

...

...

c
p
+
q�
1

���

c
p

37775 26664
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=
� 26664
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q 37775
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em
ark
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q
are
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ted
w
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a
1 ;���;a
p
can
b
e

co
m
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ted
w
ith
(�).
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C
o
m
p
u
tin
g
C
o
e
�
c
ie
n
ts
fro
m

r(k
).

A
R
sig
n
a
ls.

L
et

1
A
(z
)
=
1
+
�
1 z �
1
+
�
2 z �
2
+
���

x
(n
)
=

1
A
(z
) u
(n
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=
u
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)
+
�
1 u
(n�
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+
���
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E
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(n
)u
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)]
=
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E
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=
0
;
k
�
1

S
in
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u
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+
a
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+
���+
a
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h
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1)

���
x
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p
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p 3777775

=
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k
=
0,

E 8>>>>>><>>>>>>:
x
(n
) h
x
(n
)

x
(n�
1)

���
x
(n�
p
) i 26666664

1a
1...a
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con
d
ition
s.

�
is
T
o
ep
litz.

�
is
N
O
T
sy
m
m
etric.

�
L
ev
in
son
-
ty
p
e
fast
algorith
m
s
ex
ist.

1
2
1



What about the MA part of the ARMA PSD?

Let y(n) = (1 + b1z
�1 + � � �+ bqz
�q)u(n):

The ARMA model becomes

(1 + a1z
�1 + � � �+ apz
�p)x(n) = y(n)

y(n) x(n) x(n)
A(z)

y(n),
A(z)

1
Px(!) =
���� 1

A(!)
����2Py(!):

Let k be the autocorrelation function of y(n) . Then (see MA

signals).

Py(!) =

qX
k=�q
ke
�j!k
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=
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=
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=
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=
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e
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0 P
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=
0
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i ^a
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^a
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���
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�
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)
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b
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0
;

8
!
,
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R
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Ex: Consider
x(n) = cos(!1n+ �1) + cos(!2n+ �2);

where �1 and �2 are independent and uniformly distributed on

[0,2�].

r(k) =
1

2
cos(!1k) +
1

2
cos(!2k):

cos

k

ω

cosω 2

1

k

k

Note that when !1 � !2, large values of k are needed to distinguish

cos(!1k) and cos(!2k).

Remark: This comment is true for both AR and ARMA models.
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Ex:

m

2

e

e 1

e

Remarks: � AxLS = b+ eLS

� We see that xLS is found by perturbing b so that a solution

exists.
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=
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Illustration of LS solution:

Let

A = [a1

... a2]:

xLS =
2

4 x1
x2

3
5

1
b

a

a
A

x

x1 a 1

2 a 2

xLS
2
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L
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Step 2: System Identi�cation
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Further Topics on AR Signals:

Linear prediction of AR Processes

� Forward Linear Prediction

n-4 n

x(n)

n-3
n-2

n-1

Samples used to predict x(n)

x(n) -
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+

e  (n)

i=1
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-
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i
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Remarks: � This is exactly the YW - Equation.

� �f decreases as m increases.
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Backward Linear prediction

Samples used to predict x(n)

n+2
n+3 

n+4 n

x(n)

n+1
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abix(n+ i):
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:
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Lattice Filter for Linear Prediction Error

Z -1 Z -1 Z -1

k1 k2 km

k1 k2 km

x(n)

ef
1

(n) e2 
f (n)

eb 
1(n) eb 

2 
(n)

e
f

m
(n)

(n)
b 

e
m

Remarks:� The implementation advantage of lattice �lters is that

they su�er from less round-o� noise and are less sensitive to

coe�cient errors.

� If x(n) is AR(p) and m = p, then

x(n) u(n)
1 + 

Whitening Filter

a
1 

z -1 a p z + -p+ 
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Maximum Likelihood Estimators:

� Exact ML Estimator:

u(n) 1

A(z)real inputs                real outputs

x(n) ,   n = 0, ..., N-1

u(n) is Gaussian white noise with zero-mean.

)
8>><

>>:
E[u(n)] = 0;

V ar[u(n)] = �2

E[u(i)u(j)] = 0; i 6= j;

The likelihood function is

f = f
�

x(0); � � � ; x(N � 1)ja1; � � � ; ap; �2
�

The ML estimates of a1; � � � ; ap; �2 are found by maximizing f .
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Wiener Filter: (Wiener-Hopf Filter)

 

+
y(n) = x(n) + w(n) 

H(z) - e(n)

Desired Signalx(n)

x(n)

� H(z) is found by minimizing E
h

je(n)j2
i

.

� H(z) depends on knowing Pxy(!).
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General Filtering Problem: (Complex Signals)

 

+
y(n) = x(n) + w(n) 

H(z) - e(n)

d(n) Desired Signal

Special case of d(n): d(n) = x(n+m):

1.) m > 0; m - step ahead prediction.

2.) m = 0; �ltering problem

3.) m < 0; smoothing problem.
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rdy(k) = E [d(n+ k)y�(n)]

= E fx(n+ k) [x�(n) + w(n)]g

= rxx(k):

Pdy(z) = Pxx(z)

Ho(z) =

Pyy(z)

Pdy(z)

=

0:36

1:6 (1� 0:5z�1) (1� 0:5z)

ho(k) = 0:3
�

1
2

�jkj
h

  k
0    1    2

o (k) 
0.3
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z �
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Ex. (Same as previous one)

Pxx(z) =

0:36

(1� 0:8z�1) (1� 0:8z)
;

Pww(z) = 1: x(n) and w(n) independent

 

x(n)
+

- e(n)

 x(n) + w(n) 
H(z)

o

Causal

Pdy(z) = Pxy(z) = Pxx(z)

Pyy(z) =

1:6
�

1� 0:5z�1
�

(1� 0:5z)

(1� 0:8z�1) (1� 0:8z)

:

B(z) =

1p
1:6

1� 0:8z�1

1� 0:5z�1
( stable and causal )

Pdy(z)B
�
�

1
z�

�
=

0:36

(1� 0:8z�1) (1� 0:8z)

1p
1:6

1� 0:8z

1� 0:5z

=

0:36p
1:6

1

(1� 0:8z�1) (1� 0:5z)
:
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Remarks:

� ryy(k) = E fy�(n)y(n+ k)g

=

KX
i=1
�2i e
j!ik + �2�(k)

� Pyy(!) = 2�
KX

i=1
�2i �(! � !i) + �2:

2π α 1

σ

2π α 2π α 
3

2

2 2 2

ω ωω 1 2 3

2

   0 ω

� Recall that the resolution limit of Periodogram is 1
N

� The Parametric methods below have resolution better than 1
N

.

(These methods are the so-called High - Resolution or Super -

Resolution methods)
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) The K ~!i that maximizes g1 correspond to the

largest K peaks of the Periodogram.

Remarks: � ^!k estimates obtained by using the K largest peaks of

Periodogram have accuracy ^!k � !k / 2�
N

� The periodogram is a good frequency estimator. (This was

introduced by Schuster a century ago !)
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