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Abstiact — In this paper, we presentan asymptotic
analysis of the V-BLAST schemeat high signal-to-noise
ratio (SNR) region. We consider point-to-point MIMO
communicationsover an i.i.d. Rayleigh at fading chan-
nel with n transmitting antennasandm (m  n) receving
antennas.Both the zero-forcing V-BLAST (ZF-V-BLAST)
and minimum mean-squaed-error V-BLAST (MMSE-V -
BLAST) are analyzedwith respectto their diversity gains
and BER performances.We show that the diversity gain of
V-BLAST, including ZF-V-BLAST and MMSE-V-BLAST,
with optimal ordering ism n + 1. le., applying the
optimal ordering technique does not improve the diver-
sity gain. Contrary to the common perception that the
MMSE and ZF estimators have asymptotically the same
post-processingSNR for high input SNR,we shaw that the
differ ence betweenthe post-processingSNRs of the two
estimators doesnot vanish for high SNR. We also quan-
tify the remarkable BER performance advantage of the
MMSE-V-BLAST over the ZF-V-BLAST for high SNR.

|. INTRODUCTION

It is well-known that deploying multiple antennasat both
the transmitterandrecever sidescandrasticallyimprove the
channelcapacity Many schemesave beenproposedo ex-
ploit the high spectralef ciency of MIMO channelsamong
which V-BLAST is relatively simple to implementand can
reap a large portion of the high spectralefciency. At the
transmittey V-BLAST de-multiplexesthe input datastreams
into n independensubstreamsyhich aretransmittedn par
allel overthen transmittingantennasAt thereceverend,the
antennaseceve the substreamsyhich aremixed and super
imposedby noise.By applyingsequentialnterferencenulling
andcancellation therecever canseparat¢he substreamene
by one[1]. AlthoughV-BLAST is known to beequialentto a
decisionfeedbaclequalizerandis optimalin termsof achies-
ing thechannekapacity[2] [3], it suffersfrom poordiversity
gain. In ani.i.d. Rayleigh at fadingchannelwith n trans-
mitting antennagndm receving antennagm  n), the rst
detectedsubstreanhasa diversitygainof onlym n + 1.
Dueto the error propagatioreffect, the detectionerror of the
rst substreantanresultin moreerrorsto thesubsequergub-
streamdetection.Hencethe rst substreanis the bottleneck
which limits the overall performancenf the scheme Onecan
apply the optimal orderingtechniqueto mitigate this bottle-
neckeffect[1]. Thatis, ateachsteponeshoulddetecthedata
substreanwith the largestpost-processin@NR. It is shavn
in [4] thatthe optimal orderingdoesnotimprove the diversity
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gainwhentherearetwo transmittingantennagn = 2). How-

ever, it remainsunknownn if applyingoptimalorderingcanhelp
improve thediversitygainin generakcasesMoreover, almost
all the existing performanceanalysesare con ned to ZF-V-

BLAST. In thispaperwe show thatfor bothZF-V-BLAST and
MMSE-V-BLAST, using optimal orderingdoesnot helpim-

provethediversitygain,whichremainsatm n+ 1. We also
shav that the differencebetweenthe post-processingNRs
of MMSE-V-BLAST andZF-V-BLAST corvergesto ascaled
F -distribution for high input SNR. Contraryto the common
perceptionthatthe MMSE andZF estimatorshave asymptot-
ically the samepost-processin@NR for high input SNR,we

shav that the differencebetweenthe post-processingNRs
of the two estimatorgdoesnot vanishfor high SNR. We also
quantify the remarkableBER performanceadvantageof the
MMSE-V-BLAST overthe ZF-V-BLAST.

Il. CHANNEL MODEL AND PRELIMINARIES

A. ChannelModel

We consideracommunicatiorsystenwith n transmittingand
m receving antennasn ani.i.d. Rayleighfrequeny at fad-
ing channel.The sampledasebandignalis givenby

y = Hx + z;

@)

wherey 2 C™ ! s therecevedsignalandH 2 C™ " is
the Rayleigh at fading channel. Throughoutthis paper we
assumehattheentriesof H arei.i.d. andcircularly symmetric
Gaussiamandomvariableswith zero-mearandunit variance,
i.e., hj N(;1) for1 i m;1 n. We also
assumehat the transmittedsubstreamsre independenand
have uniform power, i.e., x 2 C" ! hascovariancematrix
E[xx 1= 2I, whereE[] standsfor the expectedvalueand
() isthe conjugatetranspose Thenoisez N (0; 21) is
alsocircularly symmetriccomplex Gaussian.We de ne the
input SNRto be

2
snr= —: 2)
z
Denotingh; 2 C™ !tobetheith(1 i n)columnof
H, we canrewrite (1) as
X
y=  hix+z ©)

i=1

To separatethe transmittedsubstreamsat the recever, V-
BLAST rst estimate,, which we alsoreferto asthe nth
layer, andthencancelst out from the receved signalvector
Next, it estimateghesignalx, 1, andsoon. Thesignalesti-
matorcanbeeithertheZF or MMSE estimatorcorresponding
to ZF-V-BLAST andMMSE-V-BLAST, respectiely. To esti-
matex, , thereceverneeddo null outn 1interferencesrom



of freedom.Assumingcorrectdetectiorof x,,, thesignalcom-
ponenth, x, is subtractecut fromy beforethe next stepof
detectionHencetheestimatiorof x, 1 only needgo null out
theremainingn 2 interferenceslntuitively, thedetectionof
Xn 1 is morereliablethanthatof x,,, andsoon.

To measurehereliability of acommunicatiorschemewe
referto theconcepf diversitygain[5].

De nition 1 LetP¢(snr) denoteheaveiage error probability

of a stchemewith snr. Thediversity gain of the schemeis
q= log Pe(sni) : @)
snrl logsnr

The diversity gain measuresow fast the error probabil-
ity decayswith SNR. It is known that for the ZF-V-BLAST
schemeappliedto (1), theith detectedsubstreanhasa diver
sitygainofm n+i,forl i n (see,e.qg.,[6], [4]).
Equivalently, theith detectedsubstreanmasBER

Pei(snp/ snr (M B#D - 1§ p: (5)

Clearly, at high SNR, the overall BER of ZF-V-BLAST is

dominatedby the detectionerror of the nth layer Moreover,

thedetectiorerrorof the rst substreanfthenth layer)canse-
riously in uence the subsequensubstreamsBasedon these
obsenations, we focus on analyzingthe nth layer, sinceit

yields mostinformationon the performanceof the V-BLAST

scheme.

B. Preliminaries
We providestwo usefultheoremsasfollows. The rst theorem
is canbefoundin [7, Lemma2.1].

Theoremll.1 LetH beanm n complex Gaussiammatrix,
whoseentriesare i.i.d. comple Gaussianrandomvariables
with zei-meanand unit variance Denoteits QR decomposi-
tionbyH = QR . ThematrixR is uppertriangular with real-
valueddiagonal. Theentriesof R are independenbf eath
other Moreover, the squae of theith diagonalelemenbf R,
r2, is of chi-squae distribution * with the degree of freedom
2(m i+ 1), which wedenoteas g(m i+1) - Theoff diago-
nalelements; ,forl i <j n,arezeo-meancomple
Gaussiarwith unit variance

The secondheoremis a direct subsequendf Weyl' s theo-
rem(8].

Theoremll.2 For anuppertriangularmatrixR 2 C" ", the
smallestsingularvalue

min (R) lmiinnjriij;

wheefr; g, formthediagonalofR.

I1l. ANALYSIS OF ZF-V-BLAST

The ZF-V-BLAST schemecanbe representety the QR de-
compositionrH = QR , whereR isann n uppertriangular

1Throughoutof this paper the chi-squaredistribution with the degreeof
freedoml is de ned asthe sumof the squareof | independenteal-valued
zero-mearGaussiarvariablewith variancel=2. It is slightly differentfrom
the standarathi-squaredistribution

matrixandQ isanm n matrixwith its orthonormaktolumns
beingthe ZF nulling vectors.Let usrewrite (1) as

y = QRx + z: (6)
Multiplying Q to bothsidesof (6) yields
y=Rx + 7 (1)
or
2 3 2 32 3 2 3
Y1 i1 ra l1n X1 bal
IS DI RS b
. = . . . + . .
Y'n 0 0 rnn Xn Z‘n
(8)
Thesequentiakignaldetectionis asfollows
for i=np: 1:1 ;
rh P N |
X% =C ¥ p=ie1 i R =i
end

whereC standsor mappingto the nearessymbolin the sym-
bol constellation.For simplicity, ignoringthe propagatiorer-
ror effect,we canregardtheresultinglayers,whichcorrespond
to differentsubstreamsas

Vi=rixj+z; for i=1:::;n 9)

whererf 5. .50
fr2(x)= ;.xm 'e * (10)

i (m i)

Thepost-processinGNRis

= rZsnr (12)
Recallthatthe diversitygainis de ned as

d= im es. (12)

A direct calculationof (12) is often dif cult. However, one
canapply thetypical error eventanalysistechniqueto derive
the diversity gain (see[6, Ch. 3]). Thetypical erroreventis
de nedas

E=fH:r2 <snrlg (13)

It canbe shavn thatthe diversity gainof theith layeris (see
e.g..[6])

logP () _

i+ 1
logsnr

d = (14)

snril

We seethatthelargerthei is, thesmallerthediversitygain
theith layerhas.Consequentlythelargestor nth layer, limits
theoverall performancef ZF-V-BLAST athigh SNR.

To improve the BER performancef thenth layer, onecan
applythe optimaldetectionorderingtechnique For eachreal-
izationof H, insteadof xing thenth layerasthe datacorre-
spondingto h,, onecanpermutethe columnsof H suchthat
the channelgain of the nth layer, r, , is maximizedas pro-
posedin [1]. Thereorderingtechniquecansigni cantly im-
provethe BER performanceln [4], thespecialcaseof n = 2



is analyzedandit is shavn thatthereorderingtechniquedoes
notimprovethediversitygain. This nding coincideswith the
resultpresentedh [5], wherem 1is givenasanupperbound
of thediversitygainof V-BLAST with optimalordering.How-

ever, the exactdiversity gain of the V-BLAST equalizemwith

optimal orderingwasunknawn for thegenerakaseof n > 2.

We attemptto answerthis questionin thefollowing.

We focuson the nth layer. By permutingthe columnsof
H, onehasn optionsof which substreanto be detectedrst.
LetH () denotethematrix obtainedby exchangingheith and
nth columnsof H (As aspecialcaseH (™ = H). LetH () =
QMR pe the QR decompositiorandr{y be the (n; n)th
entryof R(M (As aspecialcaser ) = rnn). Accordingto
thetypical erroreventanalysisechniquethediversitygainof
ZF-V-BLAST with optimalorderingcanbe calculatedas

n On
logP  jrinj2<snrl
= lim E
= snril logsnr
n On 1
logP  jri¥j2<snrt r2, <snrt
. i=1
= lim
snri1 logsnr
+m n+ 1L (15)

We now shaw thatthe conditionalprobability

n Onh 1

jrilj2 < snrt 1

2
ren < snr

P
is lowerboundedy astrictly positve numberunrelatedo snr.
Rewrite R as

S (16)

whereR;j is thetailing (n i) (n i) uppertriangular
submatrixof R andr; 2 C(" ) 1, For notationalsimplicity,
we denote

-

= R,
(i)

Rj

Thenthelastelementof R (), rh | satis es
. : i
r@i? = i 0TPL ] (1)
= 0] 1 Ri RRRi 'R, rg
= rZ@ ri(riry + R{Ry) ry)
;2
= 1]
. (18)

In (17), P; i standgfor theorthogonabprojectionontothenull
spaceof R[. Givenr2, < snr i ie,rp, < snr 1?2 it
follows from Theoremll.2 thatthe smallestsingularvalue of
R; is lessthansnr 1¥2. Thenthe largestsingularvalue of
(R;R;) !isgreatethansnr. Hence

ri(RiRi) ri>snmw ri; (19)

wherev is theeigervectorof (R; R;) ! correspondingo the
largesteigervalueandv v = 1. Combining(19)and(18),we
obtainthat

jrij? < i _gnr 1. (20)

jrivi2

We emphasizéhat (20) holdsaslongasr?, < snr ! andno
matterwhattheotherentriesof R are.Consequentlyve have

n o
jri)jz < snrt
j=i+l

P jriDj2<snrt

> i <1 (1)
Iriv)
Sincer;  N(O;I) (cf. Theoremll.1) andv v = 1, we have
jriviz. & (22)
Notethatrf 2. ., andisindependenofr;. Hence
ri%z(JTi Vji2+ 2 2(m i+1) 25 (23)

and consequentlythe lower boundgiven in (21) is nitely
small and is not relatedto snr. The numeratorin (15) can
bewrittenas

, On 1
jridiz<snrt

2 1

P ron < snr

v 1 :
P jri)j2< snr
i=1

On

j=i+l

tojrili? < snr

whichis alsoa nitely smallnumber Basedon this obsera-
tion and(15), we have proventhefollowing mainresultof this
section.

Theoremlll.1 For the MIMO channelof (1), the diversity
gain of ZF-\V-BLASTwith optimal orderingis

dyy=m n+ 1 (24)
i.e., applyingoptimal ordering doesnot help improve the di-

versity gain of ZF-V-BLAST

IV. ANALYSIS OF MM SE-V-BLAST

For MMSE-V-BLAST, the nulling vectorfor the ith layeris
(3]

1! _
wi= HiHj+ I hip i=Lonn o (25)

whereH; 2 C™ ' consistof the rst i columnsof H. Then
thepost-processin@NR of theith layeris

jhiWij2 .
w; Hi (H, ;+snril w;

MMSE —
i

(26)
Inserting (25) into (26), we can simplify (26) via some

straightforvardcalculationgo get(seee.g.,[3])

MUSE = h; C; thy; 27)



whereC; = H; 1H; ;+ siml.Applyingthematrixinversion
lemma,we obtain

1! ’
Cl=snr | H; Ho Hi 1+ —I H.
i i1 ioaftio1 snr i1
(28)
Inserting(28) into (27) yields
iMMSE: snrhiF’?Hi 1hi+
1 1 1
snrhiHi 1 Hi 1Hi 1 Hi 1Hi 1+ —I HI 1hi (29)
snr
- ZF
1
1 1
snthy Hj 1 H; (Hj 1 Hi qHj 1+ —I H; qhj:(30)

snr

We reminderthe readerthat {* is givenin (11). To ob-
tain (30) from (29), we have used(11) and the fact that
h; P%.  hi = rf. Now we examinethe secondermof (30),
for whichwe have the following result.

Lemma V.1l Therandomvariable

1 1 !
SnmiHi 1 (H, 1Hi 1) Hi 1Hi 1+ a_l Hi 1hi
is statisticallyindependentf " andhasthesamedistribution

as 1
snr s gi (Hi 1Hi 1+ ﬁ,l) lgi; (31)

whee gj N(O;l) isan (i  1)-D circularly symmetric
Gaussiarvectorandis statisticallyindependenofH; ;.

Proof: Omitted.
De ne

1 =g (H; Hi 1) ‘o (32)
It is easyto seethat ! 1 ; w.p.1(with probabilityone)

assnr! 1 . Henceathigh SNRregion, we canapproximate
E\/IMSE as
e (33)
It canbe shown that
m i+2
— 1 ! Foi 12(m i+2) s (34)
or
m! i 2
fo(x) = X x>0 (35)

@ 2im T+ D@+

whichis independentf snrand * asprovenin LemmalV.1.

Intuitively, ; representshe power of the signalcompo-
nentthatis “hidden” in therangespaceof H; ; andis recov-
eredby the MMSE estimator In contrast,the ZF estimator
nulls out of thatsignalcomponentompletely

The cumulative densityfunction (CDF) of ; andempiri-
cal cumulative densityfunction (ECDF)of g, form = n =
i = 4, is givenin Figurel. The ECDFline is basedon 10*
randomlygenerated s, andis plottedusingthe Matlabfunc-
tion ECDF. We seethat for the approximationof ¢, by 1
is very accuratefor a reasonablehhigh SNR (e.g.,snr = 20
dB).

Usingthetypical erroreventanalysigechniquewe getthe
diversity gainof theith layerusingMMSE-V-BLAST asfol-
lows

logP( "+ 1 < 1)

di™sE = li
logsnr

snril

(36)

CDF of h, and ECDF of h
¥ sni
1 T T

r

-- CDF
— ECDF, snr = 100

Figure 1: Cumulatve distribution function (CDF) of ;
andempiricalcumulative distribution function (ECDF)of g,
basedon 10* randomlygeneratedariablesm = n = i = 4,
snr= 100(20dB)

Althoughthe probability of thetypical erroreventof MMSE-
V-BLAST is smallerthanits ZF counterpartwe shov thatthe
effectof ; onthediversitygainwill diminishassnr! 1
since ; isindependenbf snr. Hencewe give thefollowing
proposition.

Theorem1V.2 Thediversity gain of the nth layer usingthe
MMSE-VBLASTschemeis
Onwwse= M  n+ 1

Moreover, applyingoptimal ordering doesnotimprove the di-
versity gain.

Proof:  Similar to ZF-V-BLAST, we apply the typical
error event analysistechniqueto derive the diversity gain of
MMSE-V-BLAST

logP(r2,snr+ ; < 1)

On; wvse = snlr!l logsnr (37)
It is easyto seethat
logP r2 snr+ 1 <1
> logP r2, <snr!=2i=1;:::;n
+logP (1 < 1=2) (38)

In the right handside of (38), the secondterm is a strictly
positve numberandis not relatedto snr, andthe rst term
is proportionalto snr (M "*1) asijt canbe readily checled
from the proof of Theoremlll.1. Henced;:yyse M n+ 1:
However, di. ywse d.z = m n+ 1 Henced;ys =
m n+ 1. Theproofof thediversitygainof orderedMMSE-V-
BLAST is rathercomplicatedwhich we omit herefor limited
space. |

However, diversityanalysids notsuf cient to shedight on
the remarkableBER performancegap betweenthe two ver-
sionsof V-BLAST. We needto comparehe BER performance
of MMSE-V-BLAST andZF-V-BLAST moreclosely

Again, we focus on studyingthe nth layer We consider
thecasewherenoncoherenbinaryorthogonaFSK (BFSK)is



used. Denote asthe post-processingNR. Thenthe BER
usingBFSKis [4]

1 .
Pe() = S =2 (39)
The BER performancef ZF-V-BLAST canbeevaluatedas
z 1
1 xsnr
eZ;FBFSKz me 2 x™ e *dx (40)
After somestraightforward calculationsye obtain
m n+1
eZ'FBFSK: } ;1 : (41)
: 2 1+ 3snr
Similarly, the BER of MMSE-V-BLAST canbe calculatedas
z 1
1 X snr+
PMME = E ——e 2z x™ "e *dx
€;BFSK 0 E(m n)|
[
= PEZ;FBFSKE € =
o (MNP (42)
where
1 | n 2
. —- :2 m-
m;n) = e d
( ) 0 (n 2m n+ 1@+ )m
(43)

is the BER ratio betweerP!ie5, andPg, . Clearly 0< <

€;BFSK

1. At high SNR,we canapproximatg41) as
2m n
snm n+l

Hencethe BER performancegain is associatedvith the
post-processingNRgainas

ZF
€;BFSK

G(m;n) = mlOglo (m; n): (44)

An analyticalexpressionfor (m; n) is dif cult. Numerical
computationsshav that (m;n) canbe quite small. Some
typical casesarepresentedsfollows.

m | n (m;n) | G(m;n) (dB)
4 3 | 0.6779 0.84
4 | 4 | 0.4372 3.59
6 6 | 0.2835 5.49
10| 10| 0.1362 8.66

Henceat the high SNR region, MMSE-V-BLAST can still
have considerablelysmallerBER than ZF-V-BLAST. Figure
2 presentshe comparatie resultonthe BER performancesf
thenth layerusingMMSE-V-BLAST andZF-V-BLAST. The
upperline (dash-dotine) represent®¢’,... Thedashedine
represent® i, givenin (42), andthe solid line is the true
BER performanceof MMSE-V-BLAST basedon the post-
processinggNRgivenin (26) andtheerrorprobabilityin (39).
Thetrue BER s obtainedvia 10 Monte-Carlotrials. We see
that Pl closely ts thetrue BER performanceof MMSE-
V-BLAST especiallyfor high SNR,whichis because ; ap-
proximates gnr very well athigh SNR.

To concludethis sectionwe remarkthatthenth layerof V-
BLAST, without usingoptimal ordering,hasthe samestatis-
tic of the corventionallinearequalizersincludingthe channel
inverseequalizerandthe linear MMSE (LMMSE) equalizer
Henceour analysisalso captureshe performancelifference
betweerthetwo linearequalizers.

m=4,n=4

:
- - ZF-VB

== MMSE-VB (high SNR approx)
— MMSE-VB

BER

0 5 10 15 20
snr dB

Figure 2: BER performanceof the nth layer using ZF-V-
BLAST andMMSE-V-BLAST, wherem = n = 4.

V. CONCLUSIONS

In this paper we presentan asymptoticanalysisof the V-
BLAST schemeat high SNR region. Both the ZF-V-BLAST
and MMSE-V-BLAST are analyzedwith respectto their di-
versity gainsand BER performancesWe show thatfor both
ZF-V-BLAST andMMSE-V-BLAST, applyingoptimalorder
ing doesnotimprove the diversitygain. We show thatthe gap
betweerthe outputSNRsof MMSE and ZF estimatorshasa
scaledF distribution asymptoticallyfor high SNR. We also
quantify the remarkableBER performanceadvantageof the
MMSE-V-BLAST overthe ZF-V-BLAST for high SNR.
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