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Abstract — In this paper, we present an asymptotic
analysis of the V-BLAST schemeat high signal-to-noise
ratio (SNR) region. We consider point-to-point MIMO
communicationsover an i.i.d. Rayleigh �at fading chan-
nel with n transmitting antennasand m (m � n) receiving
antennas.Both the zero-forcing V-BLAST (ZF-V-BLAST)
and minimum mean-squared-error V-BLAST (MMSE-V-
BLAST) are analyzedwith respectto their diversity gains
and BER performances.Weshow that the diversity gain of
V-BLAST, including ZF-V-BLAST and MMSE-V-BLAST,
with optimal ordering is m � n + 1. I.e., applying the
optimal ordering technique does not impr ove the diver-
sity gain. Contrary to the common perception that the
MMSE and ZF estimators have asymptotically the same
post-processingSNRfor high input SNR,weshow that the
differ encebetween the post-processingSNRs of the two
estimators doesnot vanish for high SNR. We also quan-
tify the remarkable BER performance advantage of the
MMSE-V-BLAST over the ZF-V-BLAST for high SNR.

I . INTRODUCTION

It is well-known that deploying multiple antennasat both
the transmitterandreceiver sidescandrasticallyimprove the
channelcapacity. Many schemeshave beenproposedto ex-
ploit the high spectralef�ciency of MIMO channels,among
which V-BLAST is relatively simple to implementand can
reapa large portion of the high spectralef�ciency. At the
transmitter, V-BLAST de-multiplexesthe input datastreams
into n independentsubstreams,which aretransmittedin par-
allel over then transmittingantennas.At thereceiverend,the
antennasreceive thesubstreams,which aremixedandsuper-
imposedby noise.By applyingsequentialinterferencenulling
andcancellation, thereceivercanseparatethesubstreamsone
by one[1]. AlthoughV-BLAST is known to beequivalentto a
decisionfeedbackequalizerandis optimalin termsof achiev-
ing thechannelcapacity[2] [3], it suffersfrom poordiversity
gain. In an i.i.d. Rayleigh�at fadingchannelwith n trans-
mitting antennasandm receiving antennas(m � n), the �rst
detectedsubstreamhasa diversity gain of only m � n + 1.
Due to theerrorpropagationeffect, thedetectionerrorof the
�rst substreamcanresultin moreerrorsto thesubsequentsub-
streamsdetection.Hencethe�rst substreamis thebottleneck
which limits theoverall performanceof thescheme.Onecan
apply the optimal orderingtechniqueto mitigate this bottle-
neckeffect [1]. Thatis, ateachsteponeshoulddetectthedata
substreamwith the largestpost-processingSNR. It is shown
in [4] thattheoptimalorderingdoesnot improvethediversity
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gainwhentherearetwo transmittingantennas(n = 2). How-
ever, it remainsunknownif applyingoptimalorderingcanhelp
improvethediversitygainin generalcases.Moreover, almost
all the existing performanceanalysesare con�ned to ZF-V-
BLAST. In thispaper, weshow thatfor bothZF-V-BLAST and
MMSE-V-BLAST, usingoptimal orderingdoesnot help im-
provethediversitygain,whichremainsatm � n + 1. Wealso
show that the differencebetweenthe post-processingSNRs
of MMSE-V-BLAST andZF-V-BLAST convergesto ascaled
F -distribution for high input SNR. Contraryto the common
perceptionthat theMMSE andZF estimatorshave asymptot-
ically thesamepost-processingSNRfor high input SNR,we
show that the differencebetweenthe post-processingSNRs
of the two estimatorsdoesnot vanishfor high SNR.We also
quantify the remarkableBER performanceadvantageof the
MMSE-V-BLAST over theZF-V-BLAST.

I I . CHANNEL MODEL AND PRELIMINARIES

A. ChannelModel
Weconsideracommunicationsystemwith n transmittingand
m receiving antennasin an i.i.d. Rayleighfrequency �at fad-
ing channel.Thesampledbasebandsignalis givenby

y = Hx + z; (1)

wherey 2 Cm � 1 is the received signalandH 2 Cm � n is
the Rayleigh�at fadingchannel. Throughoutthis paper, we
assumethattheentriesof H arei.i.d. andcircularlysymmetric
Gaussianrandomvariableswith zero-meanandunit variance,
i.e., hij � N (0; 1) for 1 � i � m; 1 � j � n. We also
assumethat the transmittedsubstreamsare independentand
have uniform power, i.e., x 2 Cn � 1 hascovariancematrix
E [xx � ] = � 2

x I , whereE[�] standsfor theexpectedvalueand
(�) � is the conjugatetranspose.The noisez � N (0; � 2

z I ) is
alsocircularly symmetriccomplex Gaussian.We de�ne the
inputSNRto be

snr =
� 2

x

� 2
z

: (2)

Denotingh i 2 Cm � 1 to bethei th (1 � i � n) columnof
H , wecanrewrite (1) as

y =
nX

i =1

h i x i + z: (3)

To separatethe transmittedsubstreamsat the receiver, V-
BLAST �rst estimatesxn , which we alsorefer to asthe nth
layer, andthencancelsit out from thereceivedsignalvector.
Next, it estimatesthesignalxn � 1, andsoon. Thesignalesti-
matorcanbeeithertheZF or MMSE estimator, corresponding
to ZF-V-BLAST andMMSE-V-BLAST, respectively. To esti-
matexn , thereceiverneedsto null outn� 1 interferencesfrom
thedirectionsof h1; : : : ; hn � 1, whichconsumesn � 1 degrees



of freedom.Assumingcorrectdetectionof xn , thesignalcom-
ponenthn xn is subtractedout from y beforethenext stepof
detection.Hencetheestimationof xn � 1 only needsto null out
theremainingn � 2 interferences.Intuitively, thedetectionof
xn � 1 is morereliablethanthatof xn , andsoon.

To measurethereliability of a communicationscheme,we
referto theconceptof diversitygain[5].

De�nition 1 LetPe(snr) denotetheaverageerror probability
of a schemewith snr. Thediversitygainof theschemeis

d = � lim
snr!1

logPe(snr)
logsnr

: (4)

The diversity gain measureshow fast the error probabil-
ity decayswith SNR. It is known that for the ZF-V-BLAST
schemeappliedto (1), the i th detectedsubstreamhasa diver-
sity gain of m � n + i , for 1 � i � n (see,e.g., [6], [4]).
Equivalently, thei th detectedsubstreamhasBER

Pe;i (snr) / snr� (m � i +1) ; 1 � i � n: (5)

Clearly, at high SNR, the overall BER of ZF-V-BLAST is
dominatedby thedetectionerror of thenth layer. Moreover,
thedetectionerrorof the�rst substream(thenth layer)canse-
riously in�uence the subsequentsubstreams.Basedon these
observations,we focus on analyzingthe nth layer, since it
yieldsmostinformationon theperformanceof theV-BLAST
scheme.

B. Preliminaries
Weprovidestwo usefultheoremsasfollows.The�rst theorem
is canbefoundin [7, Lemma2.1].

TheoremII.1 Let H bean m � n complex Gaussianmatrix,
whoseentriesare i.i.d. complex Gaussianrandomvariables
with zero-meanandunit variance. Denoteits QRdecomposi-
tion byH = QR . ThematrixR is uppertriangular with real-
valueddiagonal. The entriesof R are independentof each
other. Moreover, thesquare of thei th diagonalelementof R ,
r 2

ii , is of chi-square distribution 1 with the degreeof freedom
2(m � i + 1), which wedenoteas� 2

2(m � i +1) . Theoff diago-
nal elementsr ij , for 1 � i < j � n, are zero-meancomplex
Gaussianwith unit variance.

Thesecondtheoremis a directsubsequentof Weyl' s theo-
rem[8].

TheoremII.2 For anuppertriangularmatrixR 2 Cn � n , the
smallestsingularvalue

� min (R ) � min
1� i � n

jr ii j;

where f r ii gn
i =1 formthediagonalof R .

I I I . ANALYSIS OF ZF-V-BLAST

TheZF-V-BLAST schemecanbe representedby theQR de-
compositionH = QR , whereR is ann � n uppertriangular

1Throughoutof this paper, the chi-squaredistribution with the degreeof
freedoml is de�ned as the sum of the squareof l independentreal-valued
zero-meanGaussianvariablewith variance1=2. It is slightly differentfrom
thestandardchi-squaredistribution

matrixandQ is anm� n matrixwith its orthonormalcolumns
beingtheZF nulling vectors.Let usrewrite (1) as

y = QRx + z: (6)

Multiplying Q � to bothsidesof (6) yields

~y = Rx + ~z; (7)
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:

(8)
Thesequentialsignaldetectionis asfollows

for i = n : � 1 : 1

x̂ i = C
h�

~yi �
P n

j = i +1 r ij x̂ j

�
=rii

i

end

whereCstandsfor mappingto thenearestsymbolin thesym-
bol constellation.For simplicity, ignoringthepropagationer-
roreffect,wecanregardtheresultinglayers,whichcorrespond
to differentsubstreams,as

yi = r ii x i + zi ; for i = 1; : : : ; n: (9)

wherer 2
ii � � 2

2(m � i +1) , or,

f r 2
ii

(x) =
1

(m � i )!
xm � i e� x : (10)

Thepost-processingSNRis

� ZF
i = r 2

ii snr: (11)

Recallthatthediversitygainis de�ned as

d = � lim
snr!1

logPe(snr)
logsnr

: (12)

A direct calculationof (12) is often dif�cult. However, one
canapply the typical error eventanalysistechniqueto derive
thediversitygain (see[6, Ch. 3]). The typical error event is
de�ned as

Ei = f H : r 2
ii < snr� 1g (13)

It canbeshown that thediversitygainof the i th layer is (see
e.g.,[6])

di = � lim
snr!1

logP(Ei )
logsnr

= m � i + 1: (14)

We seethatthelargerthei is, thesmallerthediversitygain
thei th layerhas.Consequently, thelargestor nth layer, limits
theoverallperformanceof ZF-V-BLAST at highSNR.

To improvetheBER performanceof thenth layer, onecan
applytheoptimaldetectionorderingtechnique.For eachreal-
izationof H , insteadof �xing thenth layerasthedatacorre-
spondingto hn , onecanpermutethecolumnsof H suchthat
the channelgain of the nth layer, r nn , is maximizedaspro-
posedin [1]. The reorderingtechniquecansigni�cantly im-
provetheBER performance.In [4], thespecialcaseof n = 2



is analyzedandit is shown thatthereorderingtechniquedoes
not improvethediversitygain.This �nding coincideswith the
resultpresentedin [5], wherem� 1 is givenasanupperbound
of thediversitygainof V-BLAST with optimalordering.How-
ever, theexactdiversitygainof theV-BLAST equalizerwith
optimalorderingwasunknown for thegeneralcaseof n > 2.
We attemptto answerthis questionin thefollowing.

We focuson the nth layer. By permutingthe columnsof
H , onehasn optionsof which substreamto bedetected�rst.
Let H ( i ) denotethematrixobtainedby exchangingthei th and
nth columnsof H (As aspecialcase,H (n ) = H ). Let H ( i ) =
Q ( i ) R ( i ) be the QR decompositionand r ( i )

nn be the (n; n)th
entry of R ( i ) (As a specialcase,r (n )

nn = rnn ). Accordingto
thetypicalerroreventanalysistechnique,thediversitygainof
ZF-V-BLAST with optimalorderingcanbecalculatedas

dord
n; ZF = � lim

snr!1

logP
� n

jr ( i )
nn j2 < snr� 1

on

i =1

�

logsnr

= � lim
snr!1

logP
� n

jr ( i )
nn j2 < snr� 1

on � 1

i =1

�
�
�
� r 2

nn < snr� 1

�

logsnr
+ m � n + 1: (15)

We now show thattheconditionalprobability

P
� n

jr ( i )
nn j2 < snr� 1

on � 1

i =1

�
�
�
� r 2

nn < snr� 1
�

is lowerboundedbyastrictly positivenumberunrelatedto snr.
Rewrite R as

R =

0

@
� : : : �
0 r ii r �

i
0 0 R i

1

A (16)

whereR i is the tailing (n � i ) � (n � i ) uppertriangular
submatrixof R andr i 2 C(n � i ) � 1. For notationalsimplicity,
we denote

�R i =
�

r �
i

R i

�
:

Thenthelastelementof R ( i ) , r ( i )
nn , satis�es

jr ( i )
nn j2 = [r ii

... 0T ]P?
�R i

�
r ii

0

�
(17)

= [r ii
... 0T ]

�
I � �R i

� �R �
i

�R i
� � 1 �R �

i

� �
r ii

0

�

= r 2
ii (1 � r �

i (r i r �
i + R �

i R i )� 1r i )

=
r 2

ii

1 + r �
i (R �

i R i )� 1r i

<
r 2

ii

r �
i (R �

i R i )� 1r i
: (18)

In (17),P ?
�R i

standsfor theorthogonalprojectionontothenull

spaceof �R T
i . Given r 2

nn < snr� 1, i.e., r nn < snr� 1=2, it
follows from TheoremII.2 that thesmallestsingularvalueof
R i is lessthan snr� 1=2. Then the largestsingularvalue of
(R �

i R i )� 1 is greaterthansnr. Hence

r �
i (R �

i R i )� 1r i > snrr �
i vv � r i ; (19)

wherev is theeigenvectorof (R �
i R i )� 1 correspondingto the

largesteigenvalueandv � v = 1. Combining(19)and(18),we
obtainthat

jr ( i )
nn j2 <

r 2
ii

jr �
i v j2

snr� 1: (20)

We emphasizethat (20) holdsaslong asr 2
nn < snr� 1 andno

matterwhattheotherentriesof R i are.Consequently, wehave

P
�

jr ( i )
nn j2 < snr� 1

�
�
�
�

n
jr ( j )

nn j2 < snr� 1
o n

j = i +1

�

> P
�

r 2
ii

jr �
i v j2

< 1
�

: (21)

Sincer i � N (0; I ) (cf. TheoremII.1) andv � v = 1, we have

jr �
i v j2 � � 2

2: (22)

Notethatr 2
ii � � 2

2(m � i +1) andis independentof r i . Hence

r 2
ii =(m � i + 1)

jr �
i v j2

� F2(m � i +1) ;2; (23)

and consequently, the lower boundgiven in (21) is �nitely
small and is not relatedto snr. The numeratorin (15) can
bewrittenas

P
� n

jr ( i )
nn j2 < snr� 1

o n � 1

i =1

�
�
�
� r 2

nn < snr� 1
�

=
n � 1Y

i =1

P
�

jr ( i )
nn j2 < snr� 1

�
�
�
�

n
jr ( j )

nn j2 < snr� 1
on

j = i +1

�
;

which is alsoa �nitely smallnumber. Basedon this observa-
tion and(15),wehaveproventhefollowing mainresultof this
section.

TheoremIII.1 For the MIMO channelof (1), the diversity
gainof ZF-V-BLASTwith optimalorderingis

dord
n; ZF = m � n + 1; (24)

i.e., applyingoptimal ordering doesnot help improve the di-
versitygainof ZF-V-BLAST.

IV. ANALYSIS OF MMSE-V-BLAST

For MMSE-V-BLAST, the nulling vector for the i th layer is
[3]

w i =
�

H i H �
i +

1
snr

I
� � 1

h i ; i = 1; : : : ; n; (25)

whereH i 2 Cm � i consistsof the�rst i columnsof H . Then
thepost-processingSNRof thei th layeris

� MMSE
i =

jh �
i w i j2

w �
i

�
H i � 1H �

i � 1 + snr� 1I
�

w i
: (26)

Inserting (25) into (26), we can simplify (26) via some
straightforwardcalculationsto get(see,e.g.,[3])

� MMSE
i = h �

i C � 1
i h i ; i = 1; : : : ; n; (27)



whereC i = H i � 1H �
i � 1 + 1

snrI . Applying thematrix inversion
lemma,we obtain

C � 1
i = snr

"

I � H i � 1

�
H �

i � 1H i � 1 +
1

snr
I
� � 1

H �
i � 1

#

(28)
Inserting(28) into (27)yields

� MMSE
i = snrh �

i P ?
H i � 1

h i +

snrh �
i H i � 1

���

H �
i � 1 H i � 1 �

� 1
� � H �

i � 1 H i � 1 +
1

snr
I �

� 1 �

H �
i � 1 h i (29)

= � ZF
i +

snrh �
i H i � 1

�
�

H �
i � 1 H i � 1 �

� 1
� � H �

i � 1 H i � 1 +
1

snr
I �

� 1 �

H �
i � 1 h i : (30)

We reminderthe readerthat � ZF
i is given in (11). To ob-

tain (30) from (29), we have used (11) and the fact that
h �

i P?
H i � 1

h i = r 2
ii . Now we examinethesecondtermof (30),

for whichwe havethefollowing result.

Lemma IV.1 Therandomvariable

snrh �
i H i � 1 �

(H �
i � 1H i � 1) � 1 � � H �

i � 1H i � 1 +
1

snr
I 	

� 1 


H �
i � 1h i

is statisticallyindependentof � ZF
i andhasthesamedistribution

as
� snr , g�

i (H �
i � 1H i � 1 +

1
snr

I ) � 1gi ; (31)

where gi � N (0; I ) is an (i � 1)-D circularly symmetric
Gaussianvectorandis statisticallyindependentof H i � 1.

Proof: Omitted.
De�ne

� 1 = g�
i (H �

i � 1H i � 1)� 1gi : (32)

It is easyto seethat � snr ! � 1 ; w.p.1(with probabilityone)
assnr ! 1 . Henceat high SNRregion,we canapproximate
� MMSE

i as
� MMSE

i � � ZF
i + � 1 : (33)

It canbeshown that

m � i + 2
i � 1

� 1 � F2( i � 1) ;2(m � i +2) ; (34)

or

f � 1 (x) =
m!

(i � 2)!(m � i + 1)!
x i � 2

(1 + x)m +1 ; x > 0 (35)

which is independentof snrand� ZF
i asprovenin LemmaIV.1.

Intuitively, � 1 representsthe power of the signalcompo-
nentthatis “hidden” in therangespaceof H i � 1 andis recov-
eredby the MMSE estimator. In contrast,the ZF estimator
nullsoutof thatsignalcomponentcompletely.

Thecumulative densityfunction(CDF) of � 1 andempiri-
cal cumulativedensityfunction(ECDF)of � snr, for m = n =
i = 4, is given in Figure1. The ECDF line is basedon 104

randomlygenerated� snr andis plottedusingtheMatlabfunc-
tion ECDF. We seethat for the approximationof � snr by � 1

is very accuratefor a reasonablelyhigh SNR (e.g.,snr = 20
dB).

Usingthetypicalerroreventanalysistechnique,wegetthe
diversitygainof the i th layerusingMMSE-V-BLAST asfol-
lows

dMMSE
i = � lim

snr!1

logP(� ZF
i + � 1 < 1)
logsnr

: (36)
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Figure 1: Cumulative distribution function (CDF) of � 1

andempiricalcumulative distribution function(ECDF)of � snr

basedon 104 randomlygeneratedvariables.m = n = i = 4,
snr = 100(20dB)

Althoughtheprobabilityof thetypical erroreventof MMSE-
V-BLAST is smallerthanits ZF counterpart,weshow thatthe
effect of � 1 on thediversitygainwill diminishassnr ! 1
since� 1 is independentof snr. Hencewe give thefollowing
proposition.

TheoremIV.2 Thediversity gain of the nth layer using the
MMSE-V-BLASTschemeis

dn; MMSE = m � n + 1:

Moreover, applyingoptimalorderingdoesnot improvethedi-
versitygain.

Proof: Similar to ZF-V-BLAST, we apply the typical
error event analysistechniqueto derive the diversity gain of
MMSE-V-BLAST

dn; MMSE = � lim
snr!1

logP(r 2
nn snr+ � 1 < 1)

logsnr
(37)

It is easyto seethat

logP
�
r 2

nn snr+ � 1 < 1
�

> logP
�
r 2

nn < snr� 1=2; i = 1; : : : ; n
�

+ logP (� 1 < 1=2) (38)

In the right handside of (38), the secondterm is a strictly
positive numberand is not relatedto snr, and the �rst term
is proportionalto snr� (m � n +1) as it canbe readily checked
from theproofof TheoremIII.1. Hencedi; MMSE � m � n + 1:
However, di; MMSE � di; ZF = m � n + 1. Hencedi; MMSE =
m� n+ 1. Theproofof thediversitygainof orderedMMSE-V-
BLAST is rathercomplicated,whichwe omit herefor limited
space.

However, diversityanalysisis notsuf�cient to shedlight on
the remarkableBER performancegapbetweenthe two ver-
sionsof V-BLAST. Weneedto comparetheBERperformance
of MMSE-V-BLAST andZF-V-BLAST moreclosely.

Again, we focus on studyingthe nth layer. We consider
thecasewherenoncoherentbinaryorthogonalFSK(BFSK) is



used. Denote� as the post-processingSNR. Then the BER
usingBFSK is [4]

Pe(� ) =
1
2

e� �= 2: (39)

TheBERperformanceof ZF-V-BLAST canbeevaluatedas

P ZF
e;BFSK =

Z 1

0

1
2(m � n)!

e� x snr
2 xm � n e� x dx (40)

After somestraightforwardcalculations,weobtain

P ZF
e;BFSK =

1
2

�
1

1 + 1
2 snr

� m � n +1

: (41)

Similarly, theBER of MMSE-V-BLAST canbecalculatedas

P MMSE
e;BFSK = E �

� Z 1

0

1
2(m � n)!

e� x snr+ �
2 xm � n e� x dx

�

= P ZF
e;BFSKE �

h
e� � =2

i

, � (m; n)P ZF
e;BFSK; (42)

where

� (m; n) =
Z 1

0
e� � =2 m!

(n � 2)!(m � n + 1)!
� n � 2

(1 + � )m +1 d�

(43)
is theBER ratiobetweenP MMSE

e;BFSK andP ZF
e;BFSK. Clearly, 0 < � <

1. At highSNR,we canapproximate(41)as

P ZF
e;BFSK �

2m � n

snrm � n +1

Hencethe BER performancegain � is associatedwith the
post-processingSNRgainas

G(m; n) = �
10

m � n + 1
log10 � (m; n): (44)

An analyticalexpressionfor � (m; n) is dif�cult. Numerical
computationsshow that � (m; n) can be quite small. Some
typical casesarepresentedasfollows.

m n � (m; n) G(m; n) (dB)
4 3 0.6779 0.84
4 4 0.4372 3.59
6 6 0.2835 5.49
10 10 0.1362 8.66

Henceat the high SNR region, MMSE-V-BLAST can still
have considerablelysmallerBER thanZF-V-BLAST. Figure
2 presentsthecomparativeresulton theBERperformancesof
thenth layerusingMMSE-V-BLAST andZF-V-BLAST. The
upperline (dash-dotline) representsP ZF

e;BFSK. The dashedline
representsP ZF

e;BFSK given in (42), andthe solid line is the true
BER performanceof MMSE-V-BLAST basedon the post-
processingSNRgivenin (26)andtheerrorprobabilityin (39).
ThetrueBER is obtainedvia 104 Monte-Carlotrials. We see
thatP ZF

e;BFSK closely�ts the true BER performanceof MMSE-
V-BLAST especiallyfor high SNR,which is because� 1 ap-
proximates� snr verywell at highSNR.

To concludethissection,weremarkthatthenth layerof V-
BLAST, without usingoptimal ordering,hasthesamestatis-
tic of theconventionallinearequalizers,includingthechannel
inverseequalizerandthe linear MMSE (LMMSE) equalizer.
Henceour analysisalsocapturesthe performancedifference
betweenthetwo linearequalizers.
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Figure 2: BER performanceof the nth layer using ZF-V-
BLAST andMMSE-V-BLAST, wherem = n = 4.

V. CONCLUSIONS

In this paper, we presentan asymptoticanalysisof the V-
BLAST schemeat high SNRregion. Both theZF-V-BLAST
andMMSE-V-BLAST areanalyzedwith respectto their di-
versitygainsandBER performances.We show that for both
ZF-V-BLAST andMMSE-V-BLAST, applyingoptimalorder-
ing doesnot improvethediversitygain.We show thatthegap
betweentheoutputSNRsof MMSE andZF estimatorshasa
scaledF distribution asymptoticallyfor high SNR. We also
quantify the remarkableBER performanceadvantageof the
MMSE-V-BLAST over theZF-V-BLAST for highSNR.
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